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BAsIC ENGINEERING MATHEMATICS
(Common to ECE, EEE & EIE)
Toric—1 LINEAR ALGEBRA

- * Matrix multiplication is associative( if conformability is assured) .

i.e. A(BC)=(AB)C

* Matrix multiplication is distributive w. r. t addition of matrices . o
A(B+C)=A.B+A.C

" * The matrix multiplication is not always commutative.

ie. In general, AB # BA ( AB need not be equal to BA)
* Wheneve_r AB = BA, the matrices A and B are said to commute.
* The equation AB = O does not necessarily imply that atleast one of the matrices A and B is
azeromatrix. Eg: A={0 1} B=|1 0}
00/ 00
_i.e.. The product of two non zero matrices can be a zero matrix

* If product of two non zero square: matrices A & B is a zero matrix then A and B are
singular matrices i.e. |A]=0and |B|=

* If A is non singular (i.e. {A[#0) and A.B = 0 then B is a zero matrix.

UPPER TRIANGULAR MATRIX: A square matrix is said to be upper triangular if all the
elements below its principal diagonal are zeros.

LOWER TRIANGULAR MATRIX: A square matrix is lower triangular if all the elements above
its principal diagonal are zeros.

DIAGONAL MATRIX: A square matrix is said to be diagonal if all the elements below and
above the principal diagonal are zeros. .
Note : Product of two diagonal matrices of the same orderisa dlagonal matnx and follows "
commutative law (i.e. AB = BA).

ScALAR MATRIX: It i isa dl_agor_lal matrix with same diagonal elements.

UNIT'MATR!X(OR IDENTITY MATRIX): A Scalar matrix whose diagonal elements are all
equal to 1.

TRACE: Trace of a matrix 1s the sum of the elements of the principal diagonal.
*tr (A A)=Au(A)
*tr (A +B) = tr(A) + tr(B)
*tr (AB)= tr(BA)

TRANSPOSE: Transpose of a matrix A can be obtained by interchanging. the rows and
columns of A.
It is denoted by A' or AT
* If./l% isa matnx of order m x n then A is a matrix oforder nxm
*(Ah =
*(A+B) —A‘+B'
* (kA) 1_ kAl
*(AB)! =B'A!
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SYMMETRIC AND SKEW SYMMETRIC MATR!CES Let A is square matnx A is symmetric if
A'=A, and A is skew symmetricif A' =-A.
*IfAisa square matrix then
i) A+ Al is symmetric. ;
ii) A - A‘ is skew symmetric,
jii)A.A'and A'A are symmetric
* Every square matrix can be written as the sum of a symmetric and a skew symmetric
matrices.
ie. A=1/2 (A+A )+ 12(A-A)
* If A and B-are symmetric then AB + BA is symmetric and AB - BA is skew symmetnc
_ *If A is symmetric thén A" is symmetric(n =2, 3, 4, ....).
* If A is skew symmetric, then A" is skew symmetric WhelHl isodd and -A" is symmetric
whenn is even.

INVERSE OF A MATRIX: If A is a non singular matrix of order n. then a matrix B rf it exrsts
. such that . - . .

AB=BA =1 is called inverse of A

* A exists < Aj=0

*A'= adjA/A|

* Every non singular matrix possesses a unique inverse

Note : ’ : , _
01.()(AB)'=B*A" (i) (ABO)! = C! B" A" (i) (ABCD)" = D c-l B! A"

02.(a) (A = (A7) -
(b) If a non-singular matrix A is symmemc = Al and Al are also symmetric. -

Orthogonal Matrix : A square matrix A is said to be orthogonal matrix if AA' =I=A' A

Note :
0l. IfAis orthogonal then A=A
02.(a) If A is orthogonal then A" & A™ are also orthogonal

(b) If A & B are orthogonal of the same order then ABis also orthogonal

 PROPERTIES OF DETERMINANTS := = - . | .
01.If ‘A’ is a square matrix then |A|=|A"| ' ' -
Note: - In a general manner a row or a column is referred as a line.

02.1If _two parallel-lines of a determinant are interchanged, then the determinant retains its
numerical value but changes in sign.
Note: - In general, if any line of a determinant be passed over ‘m’ parallel lines, the
resulting determinant = ( -1)™ A.( where A is the initial determinant value )

03. A determinant vanishes if two parallel lines are identical.

04.If each element of a line be multrphed by the same factor, then the whole determmant
is multrplled by that factor.

-1 bl

3 b

ka1 kb]
a2 bz

h Ex - L
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Z kg, tl I, a; by ¢ ‘
a Ic ;
1a b2 Ic2 =1 2o
3 by ey a by o

Note:- In a determinant, if R; =k R; (or Ci=k C;) then the value of the determinant is zero.

Ex-la b ¢ a b o '
2 b gl= g =k =0 ]
e :f :? z? (0) ( from property-03 )
05. | & bitep d, ay bl dl ¢ d . .
a; bytcy _dz = a b 4 32 ¢ dp |- o
a3 bytc; d; a3 by d; c; d;

06. If to each elements of a line be added
equi- muItrples of the corres ond 1
one ormore parallel lines the determinant fémains wnaltered. P : e clemens of

07. The determinant of an upper / a lower triangular / dia
gonal / scalar miatrj
product of leading diagonal elements of the matrix. . Pis cqualto the

08. A, Bare square matrices of the same order then |AB] = IAI {B| = [BA|
€1
1Al

09.1f A is 2 non singular matrix (i.e. A% 0) then|A™

10. If A is a square matrix of order-n then () |Adj Al : P!
(ii) | Adj(AdjA)=| A [P0F - -

11. I?eterminant of 4 Skew - symnietric matrix (i.e. AT¥ -A) of odd order is zc;.ro.

12.If A is an orthogonal matrix (ie. A= A™) then |A] = £1.

_ a b] C1 A] B, C -
BHE A=/, b ad &= Ar B; C; =
a3 by ¢ o -FA By G - o

- where A,B,C are co-factors of ab,c then A' = A2, which is called Reciprocal /

- Adjucate determinant of A.

4 |Li=1 V nez

15.If ‘A’ isa Square matrix of order ‘n’ then [kA|=k"{A} where k is a constant. _

RANK OF A MATRIX: It is the order of its largest non vanishing minor of the matrix.
; Rtank af the matrix is equal to the number-of linearly independent rows(cols} in the matrix.
ote:
1. Ifamatrix A isof rank-r, then A contains ‘r’ lmearly mdependent Vectors .'
{here vector is either row/ column of the matrix).
2.0 Pg(\gg) < pA) + p(B) (i) p(A-B) 2 p(A) - p(B) (iii) p(AB) < min {p(A),
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3. Rank of a diagonal matrix is equal o the number of non-zero elements in the diagonal.

* Rank of matrix A is equal to the number of non zero rows(columns) in the row(column)
Echelon form of A.

Note : Lo )
01. If A is a nop-singular matrix then all the rows /columns (vectors) of A are linearly

independent.

02.1If A is a singular matrix then vectors of A are linearly dependent.

Non-Homogenous System of Linear Equations :

* The system of linear equations AX = B has-asolution (consistent) if and only if
Rank of A = Rank of [A | B]

* The system AX =B has . N
i) A unique solution if- and only if Rank(A)= Rank(A |B)= ngmber of variables.
ii) Infinitely many solutions < p(A) = p(A{B) < number of variables.
iii) No solution if p(A) = p[A {B] i.e. pA)<pA[B)

Hon‘l-t‘)geno_us System of Linear Equﬁ_ltions :

* The system AX = O has ) : . . ‘
1) Unique solution (zero solution or trivial solution) if p(A) = number of variables (n).

ii) Infinitely many number of non-zero (or non-trivial) solutions if p(A) < n.

Note : '
01. In the system of homogenous linear equation AX = 0 ) ) _
(i) If A is singular then the system possesses non-trivial solution. ( i.e. non-zero

solution). . .
(ii) I A is non-singular then the system possesses trivial solution ( i.e. zero solution).

02.1f p(A)=r, and number of variables = n then, the number of linearly independent
solutions of o S

AX =0 is (n=1).

03. The system of homogeneous linear equations such that the number of unknowns (9r
variables) exceeds the number of equations necessarily possesses a non-zero solution.

EIGEN VALUES AND EIGEN VECTORS:
Let A be a square matrix of order n and A be a scalar.

A - Al]=0is called the characteristic equation of A.

The roots of characteristic equation are called eigen values (characteristic roots / latent
_roots) of A. )

Corresponding to each eigen value A, there exists a non-zero solution X such that (A —AI)

X=9Q.

X is calléd-eigen vector (characteristic vector or latent vector) of A.

ACE Academy LINEAR ALGEBRA 5

PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS
01. The sum of the eigen values of a matrix is the sum of the principal diagonal elements
(i.e. Trace).
02. The Product of the eigen values of a matrix is equal to the determinant of the matrix.
Note:- In particular, the eigen values of a Diagonal / Scalar / Triangular ( either

upper or lower) matrix are just the leading diagonal elements and product of the eigen
values is just the product of leading diagonal elements.

7

03. The eigen values of AT are same as the eigen values of A.

04.If A is an eigen value of a non-singular matrix A then
@1l is aru:igen value of AL, (AA'l= I= A'IA)
(b) |A|7X is an &igen value of AdjA.  (A.Adj A=|A|])

05. If A is an eigen value of an Orthogonal matrix A then 1/A is also an eigen value of
A@QAT=A"

06.If Ay, Ay e A, are éi'gen values of A, then
(i) The eigen values of kA are kX, kX, ... kA;.(where k is a scalar )
(ii) A™ has eigen values 4™, A," ....A," (where m € z*)

(iv) (A £ kI)* has eigen values (A2 k)*, (Aot k)> ......... (At k)?
07. The eigen values of an orthogonal matrix have absolute value ‘1’
08. The eigen values of a symmetric matrix are purely real.
09. The eigen values of skew-symmetric matrix are either purely imaginary or zero.
10. The set of all characteristic roots of a matrix is called: Spectrum of the matrix.
11. Zero is an eigen value of a matrix if and only if the matrix is singular.
12. A is an eigen vahie of a non-singular matrix- < A 0. .

13.1f A isaneigen value of a matrix A, then the corresponding eigen vector X is not
unique. :
i.e. we have infinite number of eigen vectors corresponding to a single eigen value.
14. 1 A A2 eeeeee g be-distinct eigen values of an n X n matrix A;-then the
corresponding eigen vectors X, Xy ......X, form a linearly independent set.

15. For Anx n, if some eigen values are repeated, then it may/may not be possible to get ‘n’
linearly independent eigen vectors for A.

PROBLEMS
1. If AB = BA then which of the following need not be true (n is a +ve integer)
a) AB"=B"A 7 bYAB)"=A"B"
¢)(A+B)(A-B)=A?-B? d)A=lorB=1

2. If a diagonal matrix is commutative with every matrix of the same order then it is
necessarily a

a) a zero matrix b) a unit matrix  ¢) a scalar matrix d) a symmetric matrix

3. If A is any m x-n matrix such that AB and BA are both defined then B is a matrix o: order
aynxn b)mxm c)mxn d)nxm



6 BASIC ENGINEERING MATHEMATICS ACE Academy

4. If A xnand By« are matrices, then the number of multiplications and additions in

computing AB are
aympn,mpn-1) b)(m-1)pn,mpn-1) c)mpn,(m—l)(n—l) d) mn, nm

5. The number of terms in the expansion of the determinant of Aq x, is

aa’ RoP cyn! . dn
6.IfA=1{1 1 1) andAdjA = (-3 4 Kk thenk=
1 2 -3 -1 4
2 13 N 2 S O _
a)-2 b)4. -5 ' d)6
7. Rank of unit matrix I, is
a) one b) zero c)n d) not defined
S. Rank of a non — singular matrix A, is o
a) one b) zero cn d) not defined
9. Rank of a singular matrix A, is
ajn - b) zero ¢)<n d)>n
10. Rank of a diagonal matrix A,y nis : -
a)n ) b) no. of zeros in the diagonal
¢) no. of non zero elements in the diagonal d) zero :
11. If A1 is non zero column matrix and By x is a non zero row matrix then p(AB) =
aym byn c)l d) zero
12. If Apxn is @ non singular matrix and By is a matrix then p(AB) =
a) Rank of A b) p(B) c)0 . d)1
13. If p(An x n) is equal to (n-— 2) then p(Adj A) =

a) -1 b) (n-2) c)(n-3) d) zero

14. p(Asy3)=2then|A| =

a)l b0 c) Any non zero number d)2

15. If p(A) = n then which of the following is false
a) J at least one non zero minor of order ‘n’
b) All the minors of A of order greater than n vanish
¢) All the minors of A of order n are not zero. .
-d) If A is nxn matrix then [A|#0. o

16.IfA =[2 3] then p(A) =

3 4
a)2 b)1 c)0 d) does not exist
17.1f A =[3 -4] then p(A) =
SR |
a)2 b) 1 )0 d) does not exist
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18.IfA ——.[ 2 3 1 ]Athen p(A)=
1

4 6
a)-0 b) 1 c)2 d3
19.1fA =2 -2 | then p(A) =
-1 1
3 -3 .
a)0 by 1 c)2 d) 3
20.IfFA =] 1 0 0| thenp(A)=
3 2 4 :
2 3 -1 .
a)0 .' b) 1 02 d)3
2ILIfA = 2 -3 -1 thenp(A)=
4 6 2
6 -9 23 : '
a) 0 - b)1 )2 d)3
22.IfA = 2 3 4 } then p(A) =
3 2 5
' 1 1 . -
)0 b)1 02 d)3
23. Which of the statements is false.
Rank of the matrix is equal to :
:zl'flhnt:nr;o. of its linearly independent rows b) The no. of its linearly independent

¢) The no. of non - zero rows-

he ‘ d) The order of its largest non —
vanishing minor -

24. The system AX = B has no solution if o
2) p(A)=p(A/B)  b) p(A) < p(A/B) ) P(A)_-> P(AB)  d) p(A) > p(A/B)

25. The system AX = 0 in n variables has infinitely many- solutions if ~

é) p(A)=n - b)p(A)>n ¢) p(A) <n d)p(A)2n
26.If A is a square matrix then the system AX = 0 has non zero solutions when

a)[A[#0  b)JA|=0 ) p(A)=no. of variables d) p(A) 2 no. of variables
27.1f |A] # 0 then for the.system AX =0, which of the following is false

a) The system has unique solution b) The system has a zero solution
_ ¢) The system has a trivial solution d) The system-has a non - zero solution -
28. The system AX =B has a unique solution if

a) p(A) = no. of variables in the system (n) = p(A/B) b) p(A}y<n

9 p(A)>n ' ) p(A)= p(A/B) <n
29.1f p(f}) =rand number of variables = n, then the number of linearly independent

solutions of the system AX =0 is '

an b)r cn-r d)yn+r
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30. The system 2X+3Y+4Z=1
3Y-Z =2
-6Y+2Z=3 has
'b) unique solution

a)no solution
d) two linearly independent soliitions

c) infinitely many solutions

1. Ifthesystem X+Y+Z=0
A +DM+R+1(@2)=0, _
(**-1)Z=0 has two linearly independent solutions, then A =

a)l by -1 c)0 43
32. The system given in example 31 has only one independent solution when A =
a)l b) -1 c)0 a3 - .

33. The system given in‘example 31 has no linearly independent solutions when A =
a)1 b) -1 c)0 d)+1

34. If p(A) =1 and nixmber of variables = 3, then the systeni AX =0 has
a) Two linearly independent solutions b) 3 linearly independent solutions
¢) 1 linearly independent solutions d) no independent solutions

35. The rank of the matrix, every element of which is unity is =

2) one b) zero c) order of the matrix d)>!
36. If A is a skew symmetric matrix then which of the following is false _

a) p(A)=1 b) p(A)=0 c)p(A)=2 d)p(A)=3
37. Rank of an elementary matrix =

a) order of the matrix b) one c) zero d) two

38. When elementary transformations are applied on a given matrix then its rank

a) will remain same b) reduced by one
¢) becomes one d) is equal to the order of matrix

39. p(A)mxn =rthen

ayr<m,r<n cjr>m,r>nd) dir<m,r>n

b)r>m,r<n

40. Find the rank of the matrix( 2 3 -1 0) is=
0 1 2 -3
N ¢ 0 3 5
0 0 0 5
a) | b)2 : .03 44
41.If A and B are any two matrices then which-of the following is false
- a) p(AB) <p(A) b) p(AB)<p(A) <) p(AB) <p@®) d) p(AB) > p(B)
42. If a square matrix A is orthogonal then _ _
a)A=A' bAl=4A" A=A A=A
43,1 (A" = Athen A is
a) orthogonal b) symmetric ¢) hermitian d) unitary
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44. I;' ﬁ is skew - hermitian then iA is
a) hermitian i i
b) symmetric ¢) unitary d) skew — symmetric
45. If a matrix is in row echelon form then ifs rank is = I

) i f .
a) no Ot non — ZEro rows [0} the matr 1X b; no 0[ ZEero rows ot the matr 1X

46.If Apxnis anon singular matrix then which of the following s fafse

Jp(A)=p(A")  b)p(A) = p(A™) )p(A) = p(l,) d)p(A) = |
47.If p(A) = n then p(Adj A) = "
: a)n 7 byn-1 ol d)o
48.Ifp(A)=n - 1 then p(Adj A) = o
a)n bin-1 c) . - d)zero

49. The system 3x + 4y -2z=4
: 6x+8y—47=10 has
a) no solution E

¢) unique solution ®) infinitely many sofutions

o _ d) one linearly independent solution
50. Rank of 2 non zero matrix is -

a) equal iX
) equal to order of the matrix b) equal to the number of rows of the matrix

c) <1 d) 21
SI.Eigeprvalues of a matrix {5 4} are
- 1 2
a)(2,3) b) (-2, -3) )(1,6) d) (-1,-6)
52. Eigen values of the matrix 2 1 0] are \
0 2 1
0 0 2
3)(1,2,3) b)(1,1,1) (2,2,2) d)(0,1,2)
_ 53. Eigen values of the matrix (270 1Y are
7 ‘%‘2 g
1 0 2
9G,2-) . @21 ©)@3,3,-1) & 4,-1,0)
54.1f 0’ and ‘3’ are eigen i "
. gen values of the matrix (8 -6 2} th ird ei y
en the third i
6 52 ird eigen value is
) 2 4 3
a7 |
) b) 8 c) 15 d)0

35.1-1+3is eigen value of matyi
matrix. {0 i '
X 1 (I) ] 2) then the other two eigen vﬂucs are
10

a) (-1-¥3, 2) ) (-1-3,-2)

b) (-1 ’
) +V3,1? i, 2)
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_l__—_i______________ - 67. The number of linearly independent eigen vectors corresponding to any distinct eigen
. value of the matrix Asx3 =
6 ) then the ofher eigen values of a)l b)2 )3 d) cannot be determined

. . f the singular matrix| 8 i .
56. If 3 is the eigen value of tne SINg 6 71 -4 68. If an eigen value ) is repeated two times for a matrix A; 3 then the no. of linearly

matrix are 2 4 3 independent eigen vectors for A are
; 0,3,2 B
10,15 - b @ 1) ) (7:19) 9632 22 b)<2 9s2 a)>2
.. : fthe matrix (2 1 0 : 69. Forthe matrix {0 0 1| which of the following is an eigen vecto i
57. Which of the following is an €120 vector OL ( 0 g ; . o 0 0 g 1gen ro.
0 0 0 o , o
2)(1,0 0) b ,0,1) ¢)(0,0,1) ) d(L,1, 1) a)(1,0,1) o b) (1, 1,0) c-) (1,0, 1).. d) a1
o7 X 3 4\ corresponding to ] -
58. Which of the following is an eigen vector of the matrix (i 2} 70.Forthematrix {2 0 0| which of the following is not a eigen vector
C = B 0 2 '
el)g(il’l vla)lue r=6 by (1, 4) ©) (-1, -4) @D 2 0
a)4,- ’ . ‘ . )
' ) | ¢ a' r'nat-rix 6 2 2 then the matrix is . a) (la 0’ O) b) (0: l: 0) C) (0, 0’ l) d) (0, Oa 0)
igen values 0 . :
59.1f2,2, 8 are cig 2 3 B _ 7LIf A=[1 2] then A® =
2 - ‘ oo 2 -1
N etri d) triangular ‘
a) singular b) non —singular  ¢) skew symmetric ) w2 ‘ a) 51 : b) 251 ) 6251 - d)312s1
. . ~ ; )
7 ; then k = T2.IfA= |1 2 3 4jthenA'=
60.1f2, 2, 8 are eigen values of the matnx 3 g _21 : 0 1 5 6
i - ; 0o 0 i 7
2 -1 -k
01 02 . d)3 0 00 -1
a) 0 ) ' a)k b) 4L, ¢) 164 d) 6414
For the matrix A =} 3 2 5) answer the following 730 A +K AN Kzl“'z + o + K, =0 is the characteristic equation of a matrix A then
6 . A exists if '
0 0 -4 a)K;=0 b)K;#0 OKa=0 dKq#0
) £AY are ' e 12 ) 74. The sum and product of the eigen values of the matrix { 2 2 I)are__and _
61 Thecigen walues 8 Ay 0,25,16) |+ @118 OO ) 97,12 . b5 13
a) (3,3 e - , e ) 12,5 d)7,9 1 2 2
The eigen values of Atare d) (-113,-1/5, 1/4) . . . ‘
62. The eig p b) (13, 1/5 1/4) 0} (-3,-5, -4) > 75. The eigen values of a triangular matrix are
a) (13,155, -1 ) T - a) diagonal elements of the matrix b) zero c¢) non —diagonal elements d) £l
: 9 <9 49 S .
63. The eigen val6ues of 94 an;) (12,14,5 9 9, 15,-12) HE,5,4) 76. The eigen values of a real skew symmetric matrix are .
a) (27, 45, -36) a) real b) £l c) purely imaginary or zero d) does not exist
; Adj(A) are 220,-12,15
64. The elge:values of Adi( g) (9,25,16) 0@0,12,-15) — 920, 12,15) 77. The eigen values of an orthogonal matrix are - -
2)(3,5,-4) 1 a) real b) £l c) purely imaginary d) of unit modulus
i fA" are t exist .
. 65 T)h:;lsg e;;;/alues o8 b) (-3,-5,4) ) (113, 1/5,-1/4) d) does not & 78. For each eigen value of the matrix Az 3 , the no. of eigen vectors =
Y, I~ a)l b) 2 ©)3 d) o«
: i alues of A™ are
66. For the matrix |2 -3 5 | the eigen value 79. If a matrix Aj; 43 has 3 distinct eigen values then the no. of linearly independent eigen
0 :) %) ) vectorsfor A = '
)2, 1,0) "7 pane 0 (2,-1,0) d) does not XIS 21 b2 93 da
a s 1y Y
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80. if zero is eigen value of a square matrix A, then A is )
a) singular b) non singular ) orthogénal d) symmetric
81.1f 2 iseigen value of a scalar matrix Asg, thenan e'lgen value of Adj A is
a) 2 b)3 c)4 d)8
82. Which of the following is not an eigen vecior of a2 X 2 it matrix
2)(0,0) b (1,1 (1,0 d)©, 1)

Previous Gate Questions :

" 83. What values of x, y, z satisfy the following system of linear equations.

r 23 X 6
13 41|y} = |8 (Gate-2004)
22 3) ¢ 12

a) x=6, y=3, =2 b)x=12, y=3,z=-4 ¢)x=6, y=6, =4 4 x=12, y=-3, z=4

-a+a-1 1-a (Gate-2004)

a)fl-a - b)( -1} <) [ -1 J . d{az-aﬂ a }
£ a 2-a+l a at+a-l a-l 1 lTa

er0or1if

84, If matrix X = ( a } and X2 =X +1=0. Then the inverse of Xis

er of different nxn symmetnc matrices with each element bemg elth
2 n’+n n -1
a)2" b2 92 92 & .- (Gate—2004)

86.Let A, B, C D be nxn matnces, each with non-zero determinent, ABCD=I then B! _
a)D’ i AT b) CDA ¢)’ADC d) does not exist (Gate—2004)

85. The numb

y solutions does the following system of linear equations have

87. How man
x#5y=-1 xy=2 x+3y=3 (Gate-2004)
a) infinitely many b) two dlstlnct solutions c) umque . d) none-

88. In an nxn matrix such that non zero entries are » covered in'a rows and b columns. Then the

maximum number of non zero entries, such that no two are on the same row or column is

a)<(ath)y b)< max(ab)  ¢)<min (M-a, N-b) d) <min (a,b) _(Gate-2004)

89. Consider the following system of linear equations

21 4 X o -
{4 3 - 32] { y} = { 5} (Gate-2003)
) 1 2 - z 7 B

Notice that the second and third columns of the coefficient matrix are linearly dependent.

For how many value of a, does the system of equations have infinitely many solutions.
a)0 b)1 )2 " d) infinitely many

90. The rank of the matrix (1 3' is (Gate-2002)
0

a)4 b)2 )1 do
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91. Obtain the eigen values of the matrix A={1 2 34 49 (Gate-2002)
0 2 43 9% '
00 -2 104
_ 0 0 -
a)1,2,-2,-1 b)-1,-2;-1,-2 €)1,2,2,1

92. Consider the following statements d none
g. : 'IT'lllle sum off two singular matrices may be singular |
2 : The sum of two non-singular matrices -si ‘
Which of the following statemcr%tl.ls is true. may be nomsingulr (Gate200D
a) 2. & S; are both }’rue _ b)S; &S are both false -
€)' S, is true and S, is false 'd) Sy is false and S, is true

4

93. The determinant of the matrix

2 000 is
81 72
20 20 (Gate-2000)
\ _ 9 0 6 1
a) b)0 )15 d)20
94. An nxn array V is defined as follows
V[i, j] = i forall i, j 1<i<n, 15 < '
The sum of elements of the array V is R ‘ (Gate-2000)
a)0 byn-l c)n’ -3n+2 . d)n(n+1)
Key

1.d 2.¢ 3.d 4.2 8¢ 6.¢ 7
. . . .¢ 8¢ 9.¢  10. .

g.g ;‘;13 ;2.:;&2(17 d16,2=;; 17.b  18.c¢ 19.b 20.d 21.:, ;;2 g :,)

b 25.¢ 26.b 27.d 28.a 29.c-30.a 31.b 32.a 33 '

36.a 37.a 38.a 39.a 40.d 41.d ' i
.a 39, . .d 42.b 43.c 44.a 45.a 4

48.c 49.a 50.d 5l.c 52.¢ 53.b ' ol o
. ) . .b 54.¢ S5.a 56.a 57

60.d 6l.c 62.a 63.a 64.d 65 : Sl T
. . . ,a 66.d 67.a 68.¢ 69.b 7

72.a 73.d 74.b 75.a.76.c 77.d : S e
. .a . 76. .d 78.d 79.c 80.a 8lLc 8

84.b 85.¢ 86.b 87.c 83.d 89.b 90.c 9l.a 92.a 93.: 93-':/ B

MATRIX ALGEBRA (ADDITIONAL PROBLENS)

1. Consider the following system of equatiox{s in three real variabjes x;, X, and x3 : '

2X X +3x3=1" Ix; +2x3 +5x3 = s
T)his system of equations has Va2 o +‘4)((2G:1;3E=’;5)
a) no soluti
ution b) a unique solution

) more than one but a finite namber of solutlons
d) an infinite number of solutions
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2. What are the eigen values of the following 2 x 2 matrix ? (GATE ’05)
2 -1
-4 5
a)—landl b)land 6 ¢)2and5 d)4 and 1

3. Consider the matrices X43 Yax3and Py, 3. The order of [P (X" Y)! P} T will be
2)2x2 b)3Ix3 )4x3 d)3x4 (GATE 65)

4. Consider a non homogeneous system of linear equations representing mathematically
an over determined system. Such a system will be (GATE *05)
a) Consistent having a unique solution ~ b) Consistent having many solutions
¢) inconsistent having a unique solution d) inconsistent having no solution

5. Consider the system of equations (GATE °05)

. Anannxl = )\'anl )
Where A is a scalar. Let (Ai, X;) be an eigen value and its corresponding eigen vector

for real matrix A. Let I« , be unit matrix. Which one of the following statement is not
_correct. o
a) For a homogeneous n x n system of linear equations, (A — AI) X = 0, having a non
trivial solution, the rank of (A - A 1) is less thann o
b) For matrix A™, m being a positive integer, (A", Xi") will be the Eigen pair for all i
c)IfAT=A""then ]| =1 forall i :
S dIf AT = A then }; are real for all i

6. The determinant of the matrix given below is (GATE ’05)
010 2
11103
06 0 0 1
1 2 0 L)
a)-1. . b) 0 - ¢l ' d)2 -

7. In the matrix equation PX=Q which of the following is a necessary condition for the
existence of atleast one solution for the unknown vector X
a)-Augmented matrix [P Q] must have the same rank as matrix P
b) Vector Q must have only non zero elements

¢) Matrix P must be singular d) Matrix P must be s'qu.';zre

8. For the matrix (GATE ’05)

3 -2 2
P =10 -2 1
0 0 1 _
One of the eigen values is —2. Which of the following is an eigen vector 7

T
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1 0 -1
91 R= )2 1 lm 1i
: ) ] e top row of R™ is (GATE ’05) .
a)[5 .6 4] ] b) B 31 o2 0 -1 42 -1 g
19. The eigen values of the matrix M given below are 15, 3 and 0. (GATE *05)

i (8 6 2
-6 n 4 -

-4 3
The value of the determinant of the matrix is _ . :
| 220 ‘ b) 10 )0 “d)-10
* 1. Aisa3 x4 matrix and AX =B is an i i i i
| ossble s nd tnconsistent system of equations. The hl(gG}::;EE "
a)1 _ b)2 ©)3 dy4 Y
12. Which one of the following is an e -y |
gen vector of the K
? : : o mat-nx _ (GATE ’05)
0 5 0 0
0 0 2 1
| TO 0 3 1
all 2 0 0" b o0 1 0" o[ 0 o 21 a1 2 1

13. LetA;bea3_x"§ matrix with rank 2. Then AX =0 has (GATE *05)
3 ﬁoy iiljz mev:ial solutnqn X=0 b) one independent solution
pendent solutions d) three independent solutions

14. Identify _which_ one of the following is an eigen vector of the matrix A = 1 0

P . . 12
D 1] B -0 9n T @2 T (Garees)
I5.LetA= (2 -00) and A'= (1 -
a)7/20 b)3/20 ¢) 19/60 d) 11220
16. Given an orthogonal matrix
(11 i 1 ’
ac [ o (GATE *05)
1 a1 0 9 '
0 0 1
(AAH) s T
Q%L _ b %1, o1 d) %I,
. 1 2 - 1 -9
- g ) 1
1.If A= |2 3 1 andadiA=| 4 2 3| thenk= -
0 5 2 10 x 7 )

a-5 - b)3 ¢)-3 ds (GATE *99)
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18. If A and B are real symmetric matrices of order n then which of the following is true

) AAT=1 b)A=A" ¢)AB=BA d) (AB)! =B'A! (GATE *94)
a - .
19. The inverse of the matrix
: ] : is .- (GATE *94)
-1 1 e
0 1 0
20. The rank of the matgix - | N
: 8 rreeeienn _ S
} : P a" | oforder(n+1)x(n+1) (GATE *98)
. ;:1 ....... at. e a"
V;’i;ere ais areal m;r)nzber is o & dependsona |
a - 1 .
98,
21.1fA= {1 a be then (GATE .)
1 b ca
1 ¢ ab ) "
V;,hiihb()f the following 1s i)fzcio; 0,  abe Datbie
a)a

22. Let A, », be a matrix of order n and Iy l?e the matri)f obtained by interchangn(l(g; ;h;E )
. first a::d second rows of In. Then A . I, is such that its ﬁrts}: ey LATE
a) row is the same as its second row . b) row is the same
¢) column is the same as the second column of A

d) row is a zero row

23. Let AX = B be a system of linear equations where A is an m x n matrix, B is aélArr} 2 1’96)
” c:lumn matrix. Which of the following is false ? {

has a solution , iff p(A}=p[A|B] - . . 5
2; rIrfh ;Si,sr:ir::d ;S is a non zero vector then the system has a unique solttion

— ¢) If m <n and B is a zero vector then the system has infinitely many solutions

d) The system will have a trivial solution when m = n, B is the zero vector and rank
of Aisn.

KEY

I.Lb 2.b 3a 44 5b 6.2 7a 8d 9.b 10.c 1Lb 12.a

13.b 14.b 15.a 16.c I7.a 18.d 19. 20.a 2Lb.22.c 23.b
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PREVIOUS GATE QUESTIONS

01. Lets A be an nxn real matrix such that
A’=Tand ¥y be an n-dimensiona}
vector. Then the linear system of
equations AX =Y has ]

(IN-2007-1M)
(a) no solution
(b) a unique solution
(c) more than one but infinitely many
""dependent solutions,
(d) infinitely many dependent solutions

02. Let A= |a, ], 1 <i,j <nwithn> 3 and
2;j=1. . Then the rank of A is
(IN-2007-2M)
@0 (b) 1
(c)n=1 {(dn

03. The minimum and maximum eigén
11 3]
values of the matrix |1 5 1| are
1311

=2 and 6 respectively. What is other
eigen values? (CE-2007-1M)
@5 (®)3
(1 (d)-1

04. For what values of a. and Bthe
following simultaneous equations have
an infinite number of solutions?

(CE-2007-2M)
xtytz =3, x+3y+3z=9, x+2y+az=f
@2,7 (b)3, 8
(c)8,3 d7,2

' 1 2
05. The i_nverse of the 2x2 matrix L 7}
is (CE-2007-2M)

1f-7 2 1[7 2
(a-)i[s -J (b)i[s J

17 =27 1{-7 22
(C)E[—s 1] (d)i[-s —l]

06. If a square matrix A is real and
symmetric then the eigen values .
(ME-2007-1M)
(a) are always real
{b) are always real and positive
(c) are always real and non-negative
(d) occur in complex éonjugate pairs.

07. The number of linearly independent

. 217,
eigenvectorsof { . s
_ 02

(ME-2007-2M)

(@0 ®1
©2 _ (d) infinite

1+6 b 1

08. The determinant (5 1+6 1

1 2 1
equals to (PI-2007-1M)
@0 . (b) 2b(b-1)

(©) 2(1-b)(142b)  (d) 3b(1+b)

09.1fAis Square symmetric real valued )
matfix of dimension 2n, the eigen
" values 6f A are (PI-2007-2M)

(a) 2n distinct real valyes

(b) 2n real values not necessarily
distinct oo

(¢) n distinct pairs of complex
conjugate numbers

(d) n pairs of complex conjugate
nugmbers, not necessarily distinct

10. q1, g2....qm are n-dimensional vectors
* with m < n. This set of vectors is
linearly dépendent. Q is the matrix
withq;, 42....qm as the columns. The
rank of Q is (P1-2007-2M)
(@) lessthanm - {)m
{c) between m and n dn
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11. X =[x1, X2, .....x,.]T is an n-tuple non-
zero vector. The nxn matrix V=XxT
(EE-2007-1M)
(a) has rank zero (b) has rank 1
(c) is orthogonal (d) has rank n

-3 2
12.1fA= { 1 0\ then A satisfies the

relation (EE-2007-2M)
(2) A¥31H2A7 =0 (b) AH2AH20=0
(©) (A+I)A+2D) =0 (d)e* =0

-3 2
lB.IfA-'—[ ) 0} then A’ equals

: (EE-2007-2M)
(@) SILA#5101  (6)309 A+ 1041
(©154A+1551 (@ e

15. The characteristic equation of a (3x3)
matrix P is defined as
a(d)=| A -P|=2>+ 12+ 24+ 1=0.
I£ 1 denotes identity matrix then the
inverse of matrix P will be

(EE-2008-1M)
() PP+ P+2I (b) P>+ P+1
©-@+P+D)  (@-@+P+2D

16. A is mxn full rank matrix withm > n
and I is an identity matrix Let matrix
A*=(AT A)" A", Then, which-one of
the following statement is False?

(EE-2008-2M)
(@AA A=A ) (AAY=AA
(©ATA=I (@AA A=A

17. if the rank of a (5x6) matrix Q is 4
then which one of the following
statement is correct?

_ - (EE-2008-1M)

(a) Q will have four linearly
independent rows and four linearly
independent columns

(b) Q will have four linearly
independent rows and five linearly
independent columns.

(©)QQ’ willbe invertible

(d) QT Q will be invertible

19. All the four entries of the 2x2 miatrix

P= {p,, P ]a:e non-zero and one of
Pn P2

the eigen valves is zero. Which of the

following statements is true?
(EC-2008-1M)

@pupe-pupn=1 .

(b) pi1 P2 — Pz pu =1

(©) pupz-pupu=0

(@ pn p2+prpa=0

20. The system of linear equations
4x+2y=1 .
x+2y=T e (BC-2008-1M)
2x+y= 6. ’

(a) a unique solution

(b) no solution

(c) an infinite no. of solutions
(d) exactly two distinct solutions

0 1
1. Consider the matrix P =[ ]

-2 -3l
The value of €' is (EC-2008-2M)
@ 2e2-3¢" &'-¢€’
a

2¢t-2¢” 5¢2—e!

el+e? 2¢? ~¢”
) - -2 -1 -2

2e” —4e 3¢ +2e

© 56t —e! 3! —e?
~ : - _
2e2—6e 4 +e”

-2

12 4
2. The matrix |3 0 6 [ hasone
1 1 p
eigen value to 3. The sum of the other

two eigen-values is (ME-2008-1M) .

@p ®yp-1
©p-2- dp-3
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2_3. The eigen vectors of the matrix

1 2]
[ 0 2] are written in the form of

1 1
[ ]&[ ],Whatisa+b?
a b

S (ME-2008-2M)
@0 by %
©1 )2

* 24, For what values of a, if any, will the

. -fc_).llowing system of equations in X, y
and z have a solution?

2x+3y=4

X+y+z=4

xt2y-z=a (ME-2008-2M)
(a) any real number '
®0

()1

(d) there is no such value
25. The eigen vector pair of the matrix

L eBl
o712 @[l

01 0

26. Inverse of the matrix |1 0 O |is
S ' 0 0 1

) (P1-2008-2M)

0 1 0] To -1 0]

@ft o of @®j-1 0 0

0 1 0 0 -l

0 1 0] o -1 o]

©lo 1 (@io o -1

' b, 0 0] -10 0}

7

27. A square matrix B is symmetric if
y \ (CE-2009-1M)
(B=-B- ®B'=B '
"OF'=B . @B'=B".

28. I_n the solution of the following set of
linear equations by Gauss-elimination
using partial pivoting 5x +y + 2z =34
4y—3z2= 12 and 10x - 2y+z = 4. The
pivots for elimination of x and y are

(CE-2009-2M)
(@)10and 4 {b) 10 and 2
{c)5and 4 (d)Sand 4
29. The eigen values of the foliowing
-1. 3 5
matrixare | -3 -1 6
0 0 3

(a) 3, 3+5},6 -] (EC-2009-2M)
(b) - 6+5],3+,3 -]
{€)3+),3-j,5+]j
(d) 3, -1+3j, -1-3j

30. The eigen values of a (2x2).matrix X
are -2 and —3. The eigen values of
matrix (X+)"! (X + 51) are

(IN-2009-2M)
(@) -3,-4 (b)-1,-2
(©)-1,-3 (d)y-2,-4
. 0 0 1
31. Thematrix P= {1 0 0] rotatesa
' 0 1 0
17

vector about then axis | 1 | by angle of
' 1

(IN-2009-2M)
(a) 30° (b) 60°
(c) 90° (d) 120°

32. For a matrix [M] = [3/5 als the
X 351

transpose of the matrix is equal to the

inverse of the matrix, [M]" = M.

The value of x is given by
(ME-2009-1M)

_4 Ty 3
@ 5 ®) -5

© % @ %
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33. The trace and determinant of a 2x2
matrix are shown to be -2 and 35
respectively. Its eigen values are

(EE-2009-1M)
(@)-30and -5  (b)-37-4and~1 .
(c)-7and5 (d)17.5and -2
34. The value of the determinant
el 32
4 1 ljis (P1-2009-1M)
2 1 3
‘(a)-28 (b) 24
(©)32 (d) 36

35. The value of x; obtained by solving the
.following system of linear equations is
X +2x-2x3=4
X+ X +x3=-2

X + 2% X3 =2 (P1-2009-2M)
(a)~12 (b)-2
©0 ()12
110
36. Aneigen vectorof P=|0 2 2]is
0 0 3
. (EE-2010-2M)
@ 1 1" ®fi 2 1
Ot -1 2" @k 1 -

" 37. For the set of equations
X +2X, +X;+4x, =2
3x; +6x, +3x; +12%, =6
. The following statement is true
(EE-2010-2M)
(a) only the trivial solution-
- X =X, =X, =X, =0 exist.
(b) There are no solutions
(c) A unique non-trivial solution exist

{d) Multiple non-trivial solutions exist

38. The eigen values of a skew-symmetric
matrix are (EC-2010-1M)
(a) always zero
(b) always pure imaginary
- . (¢) either zero or pure imaginary
(d) always real

39. One of the eigen vector of thematrix

A=L 3] is (ME-20102M) -

| (a){j} ®) {f }
off el

40. A real nxn matrix A = [ a; ] is defind

a; =1, ‘ifi=’

=0, otherwise

The sum of all n eigen values of Ais _
’ (IN-2010-1M)

n(n+1) , nn-=1)
@ 3 ) =3

as foliows: {

n(n+1)2n+1)
6

© (d) n*
-~ 4].X and'Y are non-zero square matrices
of size nxn. If XY = Opyq then .
"(IN-20102M)
(@)|X|=0and|Y |0
(®)]X|#0and]Y|=0
©|X|=0and|Y|=0
© (@)X |#0and|Y]|#0

42. Consider m&&lleng matrix

A= [2 3 ] If the eigen values of A
x ¥ .

are 4 and 8 then (CS-2010-2M)
@x=4y=10 (b)x=5y=8
©x=-3,y=9 ([dx=-4,y=10

43. The inverse of the matrix

3+2i
—i

3--2i
1[3+2i
@ EL

¢ 1[3-2
b) —
()12[i

i

113+2i

© ﬁ[
113-2i
- (d) ﬁ[

1

1

} is (CE-2010-2M)

—i
3—2i]
-1
3+2i]
-i
3~2i]
-1
3+2i]

44. The value of q for which the following
set of linear algebraic equations
2)-<+ 3y =0, 6x +qy =0 can have non-
trivial solution is :

(@2
©9

45.1£{1,0,-1)Tis an eigen vector of the

(P1-2010-1M)
o7 .
@1
-1 o
2  —11 then

following matrix { —1
0 -2 1
 the corresponding eigen value is

(a) 1
@©3

(b)2
@s

(P1-2010-1M)
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KEY:

01.b
04.a

07.b

10-a
13.a
16.d
19.¢
22.¢

- 25.a

28.¢
3l.c
34.b
37.d
40.a

43.b

— 21
02.b 03.b
05.a 06.a
08. a 09.b
I1.b V2. c
14. 15.d
17.a 18.
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BAsiC ENGINEERING MATHEMATICS
CALCULUS

W_____

STANDARD DERIVATES

d_(u) =udv+v du L[g]=v(duldx‘);u'(dvli)g)_
uv) =
dx dx dx dx |v
' d (ax+b —n(ax+b)
du =du . dy (Chain Rule) ™ (ax )
dx dy dx 7
"o d (a9 =a"logea
4 @=¢ p” |
: ' - 4 (ogx)=_L logea
d_(logex) =1/x i "
dx
d_(cosx)=-sinx
d (sinx)= cosx | "
dx
=sec’ ¥ d (cotx)=- cosec’ X
_c;i_ (tan x) ny
X
=- CcOSEC X COL X
ﬁq— (sec x) =secx tan X Ed; (cosec x) =- cosec
X
=__1 4 (cos' ==l
:x 0= V(1 -%) dx- ¥ =%
d (tan X) = __L._ d_ (cot X)= T:Ll—
dx 1+ dx X
4 (eclnm_Ll , d_ (Gosec™ )=l
dx XN -1) dx o 1)
d _(sinhx) = coshx -d—(coshx) = sinhx
dx dax
STANDARD INTEGRALS

n+i 1 . R
Jx" ds:L (n * —l) J.—dxslogcx'
n+l . X

x - a"
ja dx = log x

_[cos xdx= sinX

_[e"dx =¢
( Isinkdx:-cosx

Itahx dx=-logcosx jco(xdx:lqgsin x.

wowr
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jd" =ilog(a+x | & (X
Ja'-x? 22 “la-x fa2 452 a

)

' je"‘" cosbxdx =
a

---jsin hx dx =coshx

_ Rolle’s Theorem: If f{(x) is (i) continuous in {a, b}, (ii) differentiable in (a, b) and (jii);f(a) =

a)l.5 b) 1-(1N3) Q1+(1M3)
2) Find C of the Rolle’s theorem for f(x) = &* Sinx in {0, 7]
a)n/4 b) /2 c) 3n/4 d) does not exist
-3) Find C of Rolle’s theorem for f(x) ={x + 2)’ x - 3)* in [-2, 3]
a) 1/7 i b) 2/7 c) e dy3n2
4) Find C of Rolle’s theorem for f{x) =€" (Sinx — Cosx) in [1/4, 5n/4]
a)yn/2 b) 3n/4 omn d) does not exist

j sec xdx=log(secx +tanx) Icoscc xdx=log(cosecx-cotx)

[seczxdx=tanx j‘coscczxdx=¥ cotx

dx 1 . d
J-a1+x2 =;tan'(§-) J.\/;%— B Sml(:J I,

dx 1, (a-x dx . afx
jxl—az leog(m). I = = cosh (;)
.[( x?-a’ )dx X -x) +a—zsin"(i)

2 2 . a
x\j(a +x2)
(w/x +a2)dx (a]

2 a

ax

Ie“" sinbxdx = —zc—; (asinbx —bcosbx)
a‘+b

—%? (acosbx+bsinbx)

jcoshx dx =sinh x

MEAN VALUE THEOREMS

f(b) then there exists atleast one value C € (a, b) such that f(©o=0.

1) Find C of the Rolle’s theorem for f{x) =x (x— 1) (x-2) in [1, 2] .
d)1.25
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5)Find C of Rolle’s theorem for f(x) = x(x+3) ¢ in{-3,0]

a)-1 b) -2 c) 0.5 405
6) Find C of Rolle’s theorem for f(x) = 10g[(x2 + aB) / (a+b)x]
a) (atb)2 b) Vab ¢)2ab/(a+b) u (b—2)2

7)Rolle’s theoreni_ cannot be applied for the function f(x) = x| in [-2, 2] because
a) f(x) is not continuous in{-2,2] b) f(x) is not differentiable in (-2, 2)
¢) f(-2) # f(2) d) none of the above

- 8)Rolle’s theorem.cannot be applied for the function f(x) = px+2] in [-2, 0] because
a) f(x) is not continuous in {-2, 0] b) f(x) is not differentiable in (-2, 0)
") f(-2) = £(0) d) none of these .
Lagrangc’s Mean Value Theorem: 1If f(x) is continuous in [a, b} ard differentiable in (a. b)

- then there exists atleast one value C in (a, b) such that
£(C) = [f(b) - fa)] / (b - 2)

9) Find C.of Lagrange’s mean v;alue theorem for f(x) = x -1x- 2)(x—3)in[1,2]
a)2- 1M3 b)2+(1A3) - Ol+(A3) . It —(1A3)

10) Find C of Lagrange’s mean value theorem for f(x) =log x in[1,e€]
a)e—2 bye-1 ' oe+1)/2 de-1)/2

11) Find C of Lagrange’s meén value theorem for fix) = ix® +mx+nin[ab]
d)(a+b)/2 p)vab - ©)2ab/(@th) d) (b—2)2

12) Find C of Lagrange’s theorém mean value theorem for f(x) = 7%* -13x=19in

[-11/7, 13/7)

a) /7 ' b) 2/7 ¢) 317 d) 4/1
13) Find C of Lagrange’s mean value theorem for f(x)=€*in [0, 1]
a)0.5 b) log(e - 1) c)logle + 1) d) logf(e + 1)/ (e~ 3]
14) Lagrange’s mean value theorem cannot be applied for the function f(x) = x®in[- 1 ST
" . because L , ‘
a) f(x) is not continuous in[-1,1] b) f(x) is not differentiable in (-1,1)

¢) f(x) is neither continuous not differentiable in -1, 1} - d) none of the above

Cauchy’s Mean Value Theorem:

If f(x) and g(x) are two functions such that

a) f(x) and g(x) are continuous in [a, b]

b) f(x) and g(x) are differentiable in (a, b)

¢) g'(x) # 0 for all x-in (a, b)

then there exists atleast one,value C in{ a,b) such that

I#(C) / 24(C)] = [fb) ~ f@) / e (®) - g@)]

15) Find C of Cauchy’s mean value theorem for f(x) = ¢" and g(x)=¢"in [a, b]
a)(a+b)/2 b) Vab c)2ab/(a+Db) dy(b-a)/2

~.16)-Find C of cauchy’s mear value theorem for f(x)= Vx and g(x) = 1Nk in [a, b]
~ay(at+bh)/2 b) Nab c)2ab/(a+b) dy(b-a)/2

o

TG T T D 10

6) [ f(x)dx
7o
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17) :)ir(l: E t?f/’fauchy’s mean value theorem for the functions 1/x and 1/x? in{a, b]
) b) Vab ¢)2ab/ (a+b) d) (b—a)2

18) Find C of Cauchy’s mean value theor i
em for the functions Sinx and Cosx in (-
2) /3 b) -n/d o) -n/6 d)-nf8 o in Gz, 0

Def;rflift(e )Ir.ltegra'ls: The first fundamental theorem of integral calcutus:
x) is continuous in [a, b] ai i iderivati i .
X (a, B] and F(x) in any antiderivative of £(x) in [a, b] then s

Jfx)dx = F(b)-F(a)
.a . :
The second fundamental theorem of Integral Calculus: If f(x) is continuous on [a, b]

b

X
. then F(x)=/ f(t) dt is differentiable at every point of x in [a,b] and dF/dx = d/d# [ f(r) (it = f(x)
=f{x

a . a
Corollar y: If f(X) is-continuous on [a, l)l then-there exists a function F(x) whose derivative
[ ]l ( ) | [ , D, ists a fu 'tl ( ) ivati

Theorem:3: If f(x) is continuous  di
Whose vabats e o [ o1 then on [a, b] ‘and U(x) and V(x) are differentiable functions of x

V) :
d - ; ' '
4 UI( )gt) dt = fV(x)) @V / dx) - fU(x)) (dU/dx)
'Pro%erties of Definite Int'egralé:
b .
) ffx)dx = [fy)dy
a- a .
b a .
2) ffxydx = -f f(x) dx
a b
‘ 3) ifa <c>ib then S
b c b 7
§ fxydx=1f(x)dx +{f(x) dx
a -a - C

a . a
4 Jfxydx = | fla-x)dx
0 0 :

a

a
5) Jfx)ydx = 2ff(x)dx if f(x)is eve;
-a 0
_ =0 if f(x) i
5 ; ggx) is odd

2 ({ f(x)dx iff(2a~x) = f(x)

-

\

0 iffa—x)=-f(x)
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na a

7 [fx)dx = nf fx)dx iff(x +a)=f(x)
0 0 :

i.e; f(x) is a periodic funetion with period a

b b :
) [ fxydx =) fla+b-x)dx :
a a

a a ‘

9) [ xfix)dx =a/2 [f(x)dx if fla—x) = f(x)
0 . 0 . - -

72 /2
10) fSinkdx = { Cos"xdx =
0 0
[(n-1)n] . [(0n=3)/(-2)] . [(@-=5)/(=4)] ....... (2/3) ifnisodd
[(n—1)m]. [(a~3)/(@=2)] . [(n=5)/(~4)]......... 12 . (x/2) ifnis
even
w2

11) | Sin™x.Cos"x dx =
. 0

{m=-1)(m=-3)(m-5).....Q2or 1)} .[n-Dn=2)...Qor1)] .k

(m+n)(m+n-2)(m+n-4) ... (2orl)
Where k = n/2 When both m and n are even, otherwise k = 1
PROBLEMS
2
19) fj1-xjdx=
a)l b)-1 c)2 dy3nr -
1
20) | x(1 -x)*dx =
0 . . ' '
a)1/42 'b)1/48 ¢) 112 d) 1/56
1 _
2) | x*. Sinx dx =
-1 x'+1
a) 0 br )2 d) /2
/2
22) § x . log|(1+Sinx) /(1 - Sinx)| dx =
-2 _ s
a)0 b)n )2 d) n/2
.
23) § ixjdx=
-1
2)0 b)1 €)2 C . d)4
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e : . .

24) [Sin’x dx =
0

a)2/3 b) 4/3 )0
n/2
25) | iSinx - Cosx) / (1 + Sinx . Cosx)] dx =
0
a)0 b)n
n/2

26) [dx /(1 +eot x) =
0

)0 by
n/2
0 27) | (Sin2x . log(tanx)) dx =
0 .
a0 b
/4 o -
28) [ log(1 + tanx) dx =
0
a)0 b) n/2 log 2
n o
29) (J) [(x . Sinx) / (1 + Cos’)] dx
an’ b)n2

. .
30) [ dx/ (a® Cos’ + b? Sin’x) =
0 :

-0 ~ b) fiab

T
31) fx. Sin . Cos' dx =
0

8)3r/512 b) 571256 - -

h .
32) (J) [(x . tanx) / (Secx + tanx)] dx =

)0 : bj (n-2)/4
/4 o
33) [SinVx dx =
0

2)0 b)1 c)2

s ,
34 § xSV + V5 < x)] dx =
2

a1 b)2.5

)05

d)n/3
c) /2 d) n/4 )
¢) /2 d) n/4
: ) /2 a) n/4
- ¢)n/8log 2 d) -n/4 log 2
- .c-) /4 d) /8
<) w/ab d)n/ (@ +b?)
¢) 37128 .3)_57‘%2/“1?8
"fc) o -2)/2 d)n

d) /2

d) 15
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n ) .

35) I Sin*x dx =
-T
a) n/4 b) 12 ¢) 3n/2 d)0

n .
36) | Sin'x Cos’x dx =
0
a) 0 b) 3n/256 ¢)3n/128 d) sn/128
2n
3N Sinx Cos’x dx=
0

a) 3n/128 b) 3n/256 ¢) 3n/64 dyo

2n ‘
38) [ Sin*x Cos’x dx =
: :

a)0 b) 3n/128  ¢)5n/128 d) 3n/256
IMPROPER INTEGRALS -
b . .
* | f(x) dx is said to be an improper integral offirstkindifa=- or b = oo or both..
a ) .
b _ » S
* [f(x)dx is said.to be an improper integral of second kind if(x) is infinite for one ot
a more values of x in [a, b}.
b - i ,
* [f(x)dx is said to be convergent if the value of integral is finite.
a o0 0
* If (i) 0 < f(x) < g(x) for allxand (i) § g(x) dx converges then | f(x) dx also
converges. : a o S a S
_ © : o o
« If () f(x) 2 g(x)2 0 for all x and (i) | g(x) dx diverges then | f(x)-dx also converges.
: i a a
* [P¥x) and g(x) are two functions such that Lt [fx) / g(x)] =k (finite and # 0) then
[+] o n-—>o
[ f(x) dx and }g(x) dx converge or diverge together. I
a a ’ )

w -

* [(dx/x") converges whemp> 1 and diverges whenp<1

1 .
® b

* Je ™dxand [ ™ dx converges for any coiistant p > 0 and diverge for p< 0.
a -0

ACE Academy CALCULUS - 29
b
* Theintegral | dx/(b-x)is convergent iffp< 1
a
b
* Theintegral | dx/(x —a)® convergesiff p<1
N . . .
Suppose f(X) is continuous in (a, b) and f{(x) >» o as x —»b. If f(x) and g(x) are '
) b b -
positive and Lt [f(x) / = I (finite an
x,*b( ) / g(x)] = (finite and = 0) then i f(x) dx and [ g(x) dx converge or
diverge together. :

Suppose f(x) is continuous in (a, b) and f(x) -» 0 as x — a. If f(x) and g(x) are

. b b
positive and Lt [f(x) / = ; oy
| M a[f( )/ g(x)] = I (finite and # 0) thenaf f(x) dx and [ g(x) dx converge or
diverge together. 2

PROBLEMS

39) Which of the following improper integrals is divergent

[+ ]

a)] [1/(1+x%]dx
0

1 o

1
b)Of[x/\/(l—xz)]dx of logxdx  d)fx.Sinxdx
0 0

40) Which of the following improper integrals is divergent

Eo ) © 0 . 2
| a)w[ll(1+x)]dx b)Je™ dx ol ax/x° dyJ1/x dx
L™ 0 1 -
41) Wllnch of the following improper integrals is divergent- ’
- ,
a) [ [dx /x'?] dx b) J [dx / xV(x* - 7 A 0
; )1 [dx/xV*=1)]  ¢) Il [1/x}] dx d){ (AAX) dx

42) Which of the following integrals is divergent
-1 1

1
a)f 1/x*dx b1/ g i
-w ) ,\I x*dx  ¢©) J (N1 -xD))dx  d) (J) [1/(x* + 2x + 2))dx
43) Which of the following improper integrals is divergent.
) }zo , ) 1 1
a)lx’.e™dx by J I 3 : .
; ){){ogx/x]dx c)OIx.logxdx d?]dx/(x.xm)



30 BASIC ENGINEERING MATHEMATICS

44) Consider the integrals

o0 [Se)
= fdx/[@(1+e9] and L=[{x+ 1)/ x¥x] dx
1 1
Which of the following is true

b) I is divergent and I, is convergent
d) I, and I, are divergent

a} I, is convergent and I, is divergent
¢) I and I, are convergent

45) Which of the following integrals is divergent

2
/N =xdx
0

1
1 ©
a) 1 /(1 —x)] dx b J[Sinx/x*]dx ) X’ dx

0 1 -1

46) Which of the following integrals is divergent
n/2 e
b)] dx/ [x(logx)] c) i secx dx ) J[dx/ x(logx)m]_ _

a) I[r V(x +4x%)] dx |

47) Whrch of the-following 1mproper mtegrais is convergent

) ! otV 1D/ 2604) 1 dx b I [6+2¢)"7 16 - 1)l

0 Idx/\l[x(x—l)(x 2) x>3) d) I[l/x1/3(1+x)m]dx

48) Which of the following unproper integrals is divergent

c)idx/[xm+x)] d)idx/[x(1+x)]

o0

a)[[x/(1+x)’Tdx b) Idx/ [(1 +x) ]
1 .
49) Which of the following improper mtegra]s is/ are convergent
1

2 | 11/ {x-1° -2y dx b)I[x“"/ledx . @0
0

2

1
¢) | [¥x/ Sinx] dx & § dx/ P -%"]
0

172

Partial Derivatives and Total Derivatives:
Ifu=f(x, y) then
(Bu/dx)=Lt [fx+h,y)- f(x y)]/h and
h—0
(0u/ 8y) =Lt [f(x, y+k) ~ f(x y/k
k-0
(8/0x) (Bu ! 8x) = (Fu 8x%) = fux
(@lan) (@u/ &y) = (@ul 0y") = fyy
(8/0x) (Bu | By) = (Pu dudy) =fy
(9ldy) (Bu / dx) ={(&Pu/ dy Ox) =fyx

In general, fiy = fix

ACE Academy.
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Euler’s Theorem: If u = f (x, y) is a homogeneous function of degree n then
X.ucty. uy=nu '

*Cor.1 Ifu=1(x, y, z) is a homogeneous function of degree n then
X uty.uy+z.u,=nu
XUt 2Xy . Uy y. Uy, = n(n-1)u

* Cor.2 Ifu=f(x, y) is not a homogeneous function but F(u) is 2 homogeneous function of
degree n )
then o
px. ux +y.u,=n [F(u) {Fiw)] = G)
i) X% . U + 2y Ugy + y . uyy = G(u) {Gl(u) -1}

* Cor.3 Ifu=f{x, y) + g(x, y) + h(x, y) where {, g, h are homogeneous functions of degrees
m,n, p o
respectively then
“)X. ux+y uy=m- f+n g+p.h
ii) X U+ 2Xy uyy + y Ly =m(m-1)f+nn~1)g+pp—-1h-

Total derivative

. * Ifu=f(x, y) where x and y are functions of t then the tofal derivative of u with respect tis

given by
(du/dt)= (6u/3x) (dx/dt) +(0u/ dy) . (dy/dt)

* Taking x = t in the above equation
(du/ dx)=(du/ dx) +(0u/ dy) . (dy/ dx)

 “This formula can be used for finding total derivative of u with respect to x, when x and y

" are connected by some relation.

* If f(x, y) = C is an implicit function of x and y then
(dy / dx) =- (fc/ f,)

- * Ifu=A1(x, y) where x = g(r, s) and y = h(r, s) then

_ (Bu! &)= (2u/dx) . (2w/én) + (Buldy) . (Bylér)
(Ou / 8s) = (Gu/dx) . (Ox/Bs) + (Su/y) - (Oy/ds)

) PROBLEMS

50) The total denvatrve of x”y with respect to X, when x and y are connected by the
relation x* +xy +y* = 11s

a) 2xy —x [2x+y b) Xy + xy? c) xﬁ'—xxz d) 2xy—y2[x+2yJ
x+2 X+2y y+2x 2x+y) -

51) If u = x log(xy) where x> + v’ +3xy =1 then (du / dx) = .
)0 b)1 +log(xy)~£x(x2 +y)/ );(2/2+'x)]
o) 1 +log(y/x) - [(X* +y)/ (x + ) d) log(x/y) +{x"+y) / (x +¥)

52) If u=Sin(x’ + y*) where a’x? + b%y? = C then (du/ dy) =
a)2(1 - -2 /bz)x cos(x +v9) b) 2x (a +bY /b’ Cos(x2 + yz)
¢) 2 (@ - bY)/a? Cos(x* + y%) d) 2x(a> - b%) [ b2 Cos(x* + y*)
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—

53)If U = Sin™ (x/y) + Cos(y/x)-then Uy / Uy = » :
& a) x/ly b) y/x c) —xfy d) ~y/x

s Letr =X +y +7 andV—-r then Vs + Vyy + Vi =

.a)0 bynn+) " - Snm-1)r"" d)nn+2)r" 2

U,=
55) If U =(y/z) + (z/x) then X . Ux+y Uy+z 5
)a)O b)xy/z c)yz/x d)zx/y

fV=2+y +2)° thenV“+Vyy+V _ , -
56)31)0 « ylj)(x +y? +ZZ c)12(x +y +22)3 d) (x +y +2%)

2=xt+y* +7 ther Ug+ Uy + Uy =
e gg (r)f(?(g/l:)erfs(r) xb) (r).:Z+(1/r2) f(r) c)f‘ )+ 3/rf‘(r) d) '@ -2 ')

U=Af here x = rcos® and y = r Sin@ then Ugs + Uy = |
) g f”(r)(:)fx f) b '+ 2@ ) ') - r f‘(r) d)-f‘ o) -2rf'(r)

Uet+y.Uy+z. U=
59) If SinU = [(x+2y+32)/(x +y +7%)] thenx . Uy
)a) (1/7)tan U b) - 7tanU c) (1/7) secU d) (—1/20) tan U

60)IfU = log[(x +y ) /1 (x-Y)] then X Uxx + 2xy Uyt y Uy =
a)0 b) 3 ¢)-3

15 i/5 U +
61) IFU = Cosec [(x™ +y™) / (x** ~y"™)] thenx.Us+7Y.
)a)(1/20) CotU b)(-1/20)Cot U ©) (120) tanU _ d) (- 1/20) tan U

d1/3

/ +x Si (/y)thenx U“+2xy.Ux +y2.Uy,-=
62) IgU [63+y})/ (x—y)] +x Sin(x. o 2[(x e g
O +yY) x-N~ Siﬂ(x/}’)' d) [(X +v) (x —y)] — Cos(x/y)

63) If Z =x" fi(y/x) + Y " Ta(x/y) then x(az | x) + y(azlav) F X Lt 2xy  Zayt V. Zy=
a)0 b)n(n+ 1)Z- ) n'Z d)(n -nZ

, 64)IfU fr, s)wherer—x+yands—x y then U +Uy= e
a)2 U, ~Bm2U;, 7 o-2Ur dy-2U,

65)IfU=f(x—Y,y—2 z—X) then Uy +U,+U,=
_’) a0 - b)U ) 2U —d)3U

U _e'thenZy—Zy=
66)le f(x, y)wherex '+eVandy=¢ —e o B
a)x.Zy-y-2Zy B)x.Zxty.Zy Ox.Zy+y.Zy dx.Zy-y-Zx

67)If U =f(x +Cy) + g(x - Cy)thenUxx/ Uyy g
)a)C b) C? ¢)-C d)-¢?

| 68) IEU =log(x’ +y + 2’ —3xyz) then Uy + U, + U, =
)a)—3/(x+y+z) b)3L(x+ty+2) c)9/(xy+yz+zx) d)—9r/(xy+yz+zx)

69) If U =lo, (x +y +z —.>xyz)then(6/8x+6/6y+6/6z) u= _ "
)a)3/(xg+y+z) b) - 3/(x+y+z) c)9/(x+y+z) -9/ (x+y+2)
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70)If U = ™" f (ax —by) then bus+a.uy,

a)0 b) 2abU c)2(a+b)U d)2a-b)U
Maxima and Minima: ’
Def: A function f(x) has a maximum at x = a if there exists some interval (a —3, a + §)
around ‘a’ such that f(a) > f(x) forall x in (a - 8,a + 8)

A function f(x, y) has a minimum at x = a if there exists some mterval (a-8,a+3)around
‘a’ such that f(a) < f(x) for all values of x irrthe interval

s
Extremum: The term used for both for maximum and minimum

A necessary condition for f(a) to be an extreme value-of f(x)'is fla)=0

The vanishing of 'f'(a) =0 is only 2 necessary but not a sufficient condition-for f(a) to be
an extreme value of f(x)

Ex: For the function f(x) = x> , f{0) is not an extrémum, eventhough £'(0) = 0
Ex: £(0) is a minimum value of f{x) = |x| eventhough £'(0) does not exist

Stationary Values: A function f(x) is said to be stationary for x = C and f(C) is a stationary
value of f(x) if f'(C) =0

A stationary value may neither be a maximum nor a minimum
Greatest value and least values of a function in the interval [a, b] are f(a) or f(b) or are given
by the values of x for which f'(x) = 0

Sufficient conditions for Extirema:
Theorem: f(C) is an extremum of f(x) iff f'(x) changes sign as x passes through C

Case(i): If f'(x) changes sign from positive to negative as x passes through C then f(C) is’
a max1mum value of f(x)
Case(ii) : If '(x) changes sign from negative t0 posmve as x passes through C then f(C)
is a maximum.

Case(jii) : If £'(x) does not change sign as x passes through C then (C) is not an ’
extremum. )

Theorem Afunctlon f(x) has a maximum at x=aif P(a) 0 and P (a) < 0

A function f(x) has a minimum at x = a if fita)=0and f”(a) >0

. _ PROBLEMS -
71) The function f(x) = 2x> = 3x% - 36x + 10 has a maximum at x =
a)3 b)2 c)-3 d)-2
72) The minimum value of fx) = 2% = 3x* - 36x + 10 is | o
a)0 ' b)-13 )-17 d)3

73) A maximum value of f(x) (logx /x) is .
a)e b)e! ce-1 dye+1

74) The function f{x) = x* has a minimum at x =
a)e bye! _ 00 de+1
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75) The minimum value of f(x) =x . logx is

a)e bye’ ¢)— dy—e’
76) The maximury value of x . etis
a)e b) et c)l dy-e
77) The maximum value of f(x) = Sinx + Cos2x in the interval {0, 7] is
a)2 b) 1.5 c) 57 d) 9/8
78) fix, y) = x° +y’ -3xy has o '
a) amaximum at (1, 1) " b) a minimum at (1;1)
¢) a saddle point at (1. 1) d) neither maximum nor minimum

79) At (a, a), f(x, y) =Xy + a’/x + a’ly has
) a maximum b) a minimum N
¢) a maximum ifa >0 d) neither maximum nor minimum

80) At (\/2; A2), fix, y) = X+ y4 ~2x* +4xy ~ 2y2 has
a) a minimum b) a maximum v
¢) a saddle peint d) neither maximum nor minimum

81) A rectangular box open at the top isto have a volume 32 C.C. Find the dimensions

of the box requiring least material for its construction
a)4 cm,4 cm,2 cm b)2cm,2 cm8cm - c) 16 cm,1 cm,lem d) 8 cm,8 cm, %2 cm

82) Ffx)=x+2)x - 1)2(2x -(x-3)thenatx =Y, f(x) has

a) a maximum b) a minimum
¢) neither maximum nor minimum - d) no stationary point

Constrained Maximum or Minimum:
To find maximum or minimum of U = fx, ¥, z) where X, Y,

Working Rule: a) Write F(x, y; 2) = f(x, y, 2 + L o(x; ¥, z):
b) Obtain theequations F,=0,F,=0,F,=0 o
¢) Solve the above equations along with ¢ = 0 to get stationary point

83) Find the minimum value of X +y + 7% so that xyz =8

a)8 by 12 )21 427

84) Find the maximum value of X2+ y2 +7Zfsothatx+y+z=1
a)l b) %2 ' c)13 dy %

85) Divide 24 into three parts X, ¥, 2 s0 tl;éi;jzza is a maximum a
2)8,8,8 b)4,8,12 - 0)6,9,9 d)6,8,10

86) Let T=400 xyz* find maximum value of T so that C+y+z=1
a) 50 b) 100 c) 200 d) 800

87) Find the volume of the greatest fectangular parellelopiped that can be inscribed in
the eltipsoid (x*/a%) + (y'/6%) + (ZD)=1
a)abc / 3V3 b) dabe / 3V3 c)8abc/3V3  d)2abe 13\3

z are connected by ¢()_(,y_,z) =0.
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88) What is the value of {(x - m)* . Sinx dx o (GATE '05)
0
a)-1 D)0 ol dyn
KEY

0l.c 02.c 03.a'q4.c 05.b 06.b 07.b 08.c 09.a 10.b Il.a [2.a
13.b 14b 15a 16.b 17.c 18.b 19.a 20.a.-_;2f1;5_', 22.a 23:b 24.b
25.2 26.d 27.a 28.¢ 29.c¢ 30.¢c 3l.a 32.c¢ 33.c 34.¢ 35c¢-36a
37.a 38.a 39.d 40.d 4l.d 42.b 43.d 44.a 45.c 46.c 47.c 48.d
49.b,c50.a 5L.b 52.a—53.d 54.b S5.a S6.a 57.a Sha S9.b 60.c
61.d 62.b 63.c 64a 65.a 66.a 67.b 68.b 69.d 70.b 7L.d 72.d
73.b 74.b 75.d 76.b 77.d 78.b 79.b 80.a $l.a 82.a 83.5 84. ¢
85.b - 86.a 87.c 88.b. .. -

MULTIPLE INTEGRALS AND THEIR APPLICATiONS

DOUBLE INTEGRALS
) ) X2 Y2 ’
Consider the double Integraf | [ f(x, y) dxdy.

] X1y
- . Its value is found as follows:

i) Wheny), y; are functions of x and x,, X, are constants, f{x, y) is first integrated with
Fespeqt to y keeping x fixed between limits y;, y» and then the resulting expression is
integrated with respect to x within the limits x), x2i.e., '

X2{ Y2
L= fix,y)dy] dx
X1y -

il) When x,, x, are functions of y-and y,, y» are constants, f{x,’y) is first intégrated with-
respect to X keeping y fixed, within the limits x;, X2 and the resulting expression is
integrated with respect to y between the limits yy, y: i.e., '

Y2{X2 : -
S L=l fxy)dx] dy
Y1

iii) _When both pairs of limits are constants, it hardly matters whether we first integrate -
with respect to x and then with respect to y or vice versa. N

CHANGE OF ORDER OF INTEGRATION

In a doublg integral with variable limits, the change of order of integration ;:hanges the limits
of l-ntegra_!lon. To fix up the new limits, it is always advisable to draw a rough sketch of the
region of integration. ' : T . :
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.DOUBLE INTEGRALS IN POLAR CO-ORDINATES
92 n
Toevaluate | [ f(r, ©) drd®, we first integrate with respect to r between limits r = ry and
0 1 In

r=n

keeping 0 fixed and the resulting expression is integrated w.r.t 0 from 0; to 6;. In this
integral, r}, r; are functions of 0 and 8, 8, are constants.

TRIPLE INTEGRALS
XY % :
Integral | | | f(x,y, z) dxdydz. e
X1 Y1 oz
Ifx,, x, are constants ; y, y2 are either constants or functions of x and z,, z, are either
“constants or functions of x and y, then this integral is evaluated as follows: .
First f(x, y, z) is integrated w.r.t z between the limits z, and z, keeping x and y fixed.
. The resulting expression is integrated w.r.t y between the limits y; and y; keeping x constant.
-The result just obtained is finally integrated w.r.t x from x, to x,.
X2 [ Y2(X) (Z2(X, ¥)
ThusI=] [ | J | f(x,y,z)dz| dy | dx
X1 {yi1(x) |z, y)

CHANGE OF VARIABLES

An appropriate choice of co - ordinates quite facilitates the evaluation of a double or
-a triple integral. By changing the variables, a given integral can be transformed into a simpler
integral involving the new variables.

1) In a double integral, let the variables X, y be changed to the new variables u, v by the
- transformation . o . -
X=¢ v}, y=y(u,v) o T
where ¢(u, v) and y(u, v) are continuous and have continuous first order derivatives in some
region R',, in the uv — plane which corresponds to the region Ryy in the xy - plane, Then
I fx,y)dxdy = [ [ £1o(u, v), w(u, v)] ] dudv
ny Rluv ’
Where | _ d(x, y)
J= QX% V)
Ay *0
is the Jacobian of transformation from (x, y) to (u, v) ¢6 — ordinates.
f

2) For triple integrals, the formula corresponding to (1) is
[ 1] fix,y,z)dxdydz = | lI [ fx(u v, W), y(u, v, W), z(u, v, w)] }J| dudvdw

XyZ
Where j= (%, y,2) (+0)
a(us V;W)

is the Jacobian of transformation from (x, ¥, z) to (u, v, W) co — ordinates.

uvw

ACE Academ CALCULUS

Particular Cases:

i) To change Cartesian co — ordinates (x, y) to polar co —ordinates(r,0),
we have x =r c0s0, y = r sinf and

j= 0&y)
o, 6) '
I fx, yydx dy=J| f(rcos®,rsin6).rdrd0
Ry R'o

ii) To chan_ge rectangular co — ordinates (x, y, z) to cylindrical co — ordinates o, ¢;‘ z), we
have x =p cos$, y=psing,z=z
and = X, y,z)

2 .
Then | | fx, v, z) dxdydz={] 1 fpcosy, psing, z) . p dpdddz
Ruyz Rz

iii) To change rectgr_xgular co~< ordinates (x, y, z) to spherical polar co— ordinates (r, 9, ¢), we
have x =r sinB-cos¢,y = r sin@ sin¢, z=r cosd

and - (x, ¥, 2) .
J ar, 6 9) =¢ sind

Then | [ f(x; y, 2) dxdydz = _ [1]" fsind cos¢, r sind sing, r cos®) . I sin drdod¢
Reyz . R'%p
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PROBLEMS
a V@' -y")
1. Change the order of integration in the integral 1 =] | f(x,y) dx dy
a V@ - x%) -a 0
Ans) I=1 f(x, y) dydx
0 -V(@-x)
2. Calculate | | * dr dO over the area included between the circles r=2 sinf andr=4 sin0’
Ans)225m
Evaluate the following integrals -
23
3.0 | xy*dx dy _ Ans) 13
11 .
: 1 o i
4.] | &*+y)dxdy : Ans) 3/35
00X :
14 :
5.0 J € dxdy Ans) (e'®-1)/8
0 4y
. 4x
6.1 [ ™ dydx Ans) 3¢* -7
00
IR X, B .
AR 1 dydx  Afs) (%) m-log(1 +V2)
00 1 +x7+ . ‘
8./l xydxdy overthe positive quadrant of the circle X2 +y* = a’ Ans)a‘/8
9. I‘_)gy(x +y)dxdy  overthearea between y =x” and y = X. Ans) 3/56

Evaluate the following integrals by changing the order of integration

1V -x3)
1. | ydxdy Ang) w16
00

3
1. T (x+y)dxdy Ans) 241/60
01 '
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12.] | (e?/y)dydx Ans) 1
0 x

Cox

13.] | xe*dydx _
[ aet o ) Ans) 172

14. Evaluate [ [ r sin® dr d6 over the cardioid r = a(l - cos) above the initial line. ' A';’ns) 4’3

-

5. Show that | | r* sind dr d6 = 2a%/3, where R is the semi — circle 1= 2a cos® above the.

R
initial line
1 z xtz
16)Bvaliaste | [ | (x+y+z)dxdydz : Ans) 0
: -1 0 xz '
1 N1 -x) V(1 -x*-y) .
17) Evaluate | | f dxdydz .
0 0 0 | Xyz )’“ A_ns) 1/48
} 22 :
18) | | § Xyzdxdydz -
001 ) Ans) 7/3
}t ZI\/z (4z -x%)
19) J T dydxdz B ' : :
0 0 0 . Ans) 81:7
ax xty
20011 | &7 dzdydx Ans) 18 6™~ % &* +& - 38

00 0

21) Calculate by double integration, the volume generated by the revolution of the cardioid
r=a(1 - cos0) about its axis. Ans) 871a% /3

22) Evaluate | JR (x +y)? dx dy, where R is the parallelogram in the XY — plane with vertices
(1,0) (3, 1) (2, 2) (0, 1) using the transformationu=x +yand v=x—-2y.  Ans) 21

23) Evaluate ”e*”‘ *¥)dxdy by changing to polar coordigates. Hence show that
00

o I
fe dx_—J% Ans) V(n/2)
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PREVIOUS GATE QUESTIONS - “CALCULUS”

1. The integration of | log x dx has the value (GATE’94)
a) (x logx - 1) b) logx —x c) x(logx - 1) d) None of the above

2. The volume generated by revolving the area bounded- by the parabola y*.= 8x and the line
x =2 about y —axis is T (GATE?94) -

a) 12871: /5 b) 5/128=n ¢) 127/ 5= d) None above
3. The function y =x* + (250/x) atx=>5attains . - : . (GATE™94). . -
a) Maximum b) Mmlmum c) Neither d) r -
4. The value of £ in the mean value theorem of t(b) flay=(b-a)f (&) for .
f(x) = Ax” + Bx+ C in (a,b) is (G4 TE’94)
a)bt+a - b)ba cyb+ a)/2 d)y(b- a)/2
5. The area bounded by the parabola 2y = x* and the lines x =y — 4 is equal to (GATE ’95)
a)6 b) 18 c) oo d) none of the tibove
2 '
6. By reversing the order of integration. | | f(x y)dy dx may be represented as (GAT E ’95)
0x’ .
22x 2y - 4y %2
a) | J f(x, y) dy dx- B Jxyyaxdy o (xy)dxdy d)J J (x.y) dy dx-
0x Oy 0y X0
7. The third term in the Taylor s ser1es expansion of e* about a would be - (GA T E"95)
a) e'(x ~a) b) €%/2(x — a)* c)e2 o d)eex— a)

8. Lim xsin(1/x)is - B (GATE’95)
x—0 ) . SN _ i o B
a) bo - 9L - d) non — existant

9. The function f{x) =|x + 1 { on the mterva.l [—2 O] is (GATE’95)

a) continuous and differentiable - : S N
b) continuous on the interval but not dlfferentlable at a.ll points -
¢) neither continuous nor differentiable
- d) differentiable but not-continuous .
10. The function f(x) =}’- 6x*+ 9x +25 has - - .~ - (GATE"S) .

a) amaxima at x = | and a minima at x =3 b)amax1maat x =3 and a minima at x = 1
¢) no maxima, but a mlmma at X= 3 d) a maxxma atx=1, but no minima

11 Iff(0) = 2-and f{x) = 1 / (5 — %), the lower and upper bounds of f(1) estimated by the
. mean value theorem are (GATE’95)
a)1.972.2 b)2.2,2.25 €)2.25,2.5 d) none of the above

CALCULUS

12.If :ﬁﬁmctibn is continuous at a point its first derivative " (GATE’96)
a) jhay or may not exist b) exists always : :
<) will not exist -d) has a unique vajue

13. Area bounded by the curve y = x° and lines x =4 and y = 0 is gi ¢
y=U1s given by, (GATE’97)
a) 64 b) 64/3 c) 12873 . d)128/4

14. The curve given by the equation x*+y? = 3axy, is : -~ (GATE?97)
4) symmetrical about x — axis b) symmetrical about y — axis :
e) symmetrical about line y = x d) tangential to x = y = a/3

15. ¢ is periodic, with a period of _ (GATE"97)
a) 27 b) 2in on ) d)ixn
16. . Lt sin m0, where m is an integer, is one of the following: (GATE?97)
950 6. S o : B
am bjmre - - mé S d)1
_ 17. It y=ix| for x<0 and y = x for x 20, then c © (GATE"97) "

b) y is discontinuous at x = 0
d) Both y and dy/dx are discontinuous at x =0

a) dy/dx is discontinuous at x=0
c) y is not deﬁned atx=0

18. 13 (x) = 1 ¥ dt then @2/dx) s - (GATE"%)
a) 2. - b) VX )0 A1
19. f['he eontinnous function f(x,’y) is said to have saddle point at (a, b) if -
: o (GATE’98
a)fy(a, b) =1f,(a, b) = 0; f? e fxx fy<Oat(a,b) )
b) fx(a, b) = 0; fy(d, b) =0; £y~ fx fyy>0at(a,b)
o) fi(a, b)=0; f,(a, b)=0; fix and £, <0 at (2, b)
: d),fx(q, b)éfy(a, b)=0; fly— o fyy=0at (a, b)
20. The Taylor’s senes expansion of sinx is - GAT. E ’9:?
) 1-x2721 +x*/41 - ' b) 1+x%/41 +xY41 +.. ‘ Y
c)x+x3/3!+x5/5'+ d)x x/3'+x5/5'
21. A discontinuoiss re\al ﬁmctlomcan be expressed as ' (GATE’98)
a) Taylor’s series and Fourier’s series o T
b) Taylor’s series and not by Fourier’s series
¢) sieither Taylor’s series nor Fourier’s series
d) riot by Taylor’s series, but by Fourier’s series
22: Limit.of the function  lim __p_ is -~ (GATE99)
- n-0 Vil +n -
a) ¥ b0 €)® d)1
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23. The function f{x) =e€” is (GATE’99)
a) Even b) Odd ¢) Neither even nor odd d) None of the above
24, Value of the function lim (x —a)* ¥is (GATE*99)
x—a _ .
a)l b) 0 ¢ T da

25. Find the maximum and minimum values of the function f{x) = sinx + cos 2x over the
range 0 <x <2m. (GATE’99)

2672 12 (GATE-2000)
[ Isin(x+y)dx dyis . '
00
@0 )= (c) n/2 @2

27. The limit of the function f{x) = [(1 ~ a%)/ x*] as x = w is given by (GATE - 2000)
a)l b) exp[-a*) c)w d) zero

28. The maxima and minima of the function f{(x) = 2% — 15x% + 36x + 10 occur, respectively,
at (GATE - 2000)
a)x=3&x=2 b)x=1&x=3 0)x=2&x=3 d)x=3&x=4

29.1f fix, v, z) = K+ Y + 22 - " (GATE-2000)
: SL+PL+ T isequalto .
.’ oy o
a) zero b1 02 d) 3P+ Yy + "
a -
30. Consider the following integral lim | x* dx (GATE - 2000)
a1 _
a) diverges b) convergesto 1/3° ) converges to -1/a° d) converges w v
, 7 SR S
31. The value of the integral is I = | cos’x dx ‘ (GATE’0I)
0
a8+ Y b) /8~ ©) -8V d)-n8+Y
32. Which of the following functions is not differentiable in the domain [-1,11 ?
(GATE?02)
a) f(x)=x* b) f(x)=x-1 c)f(x)=2 d) f (x) = maximum (X,-x) -
33. The value of the following definite integral is: {GATE’02)
n/2 ' ’
f (Sin2x /1 + cos x) dx
-n/2

a)-21n2 b)2 00
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34. The value of the following improper integral is  {x Inx {GATE02)
0 ;
a) Y b)0 )% dy 1
35. The function f(x,y) = 2x* + 2xy — v has (GATE’02)

a) only one stationary point at (0,0
b) two stationary points at (0,0) and (146, -1/3)
¢) two stationary points at (0,0) and (I, -1)

'

. d) no stationary point
.2 .
36. E»o 51;1 X 1sequal to . (GATE’03)
~a)0 o b) 0 c)l d)-1
37. The area enclosed between the parabola y = x” and the straight line y = x is (GATE’03)
a) 1/8 : b) 1/6 913 d12
38.1fx =a (6 +sin 8) and y = a (1-cos 6), then (dy/dx) will be equal to (GATE?04)
.-8) sin(8/2) - b) cos (6/2) ©) tan(6/2) d) cot (8/2)
39. The volume of an object expressed in spherical co-ordinates is given by  (GATE’04)
2n w3 1 '
V=) | Jrlsin¢drdgde |
0 0 0
The value of the integral ~
ayn/3 .b) /6 c)2n/3 d) n/4
40. The value of the function f(x) =lim _x° +2 is ) (GATE’04)
- x>0 27 -7 '
a0 b)-1/7 o) 1/7 d) o0
41. The function f(x) = 2x> - 3x — 36x + 2 has its maxima at - (GAIE' 04y~ — -
a)x=-2 only b) x =0 only ¢)x=3 only d)bothx=-2-andx =3
P 7
42, 4{ (sin®x + sin’ x)dx is equal to : (GATE05)
a . 6 & a
a)2 £ sin® xdx b)2 g sinxdx ~ ¢)2 J (sin®x + sin"x)dx d) zero
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8 2
43. Changing the-order of the integration in the double integral 1= QI | XA f(x,y) dy dx

jeads to

i ‘ 3
I I f(x,y) dydx. What is q? (GATE’05)

a) 4y b) 16y c) X d)8
44. By a change of variables X(u,v) = uv, y(u,v) = v/uina double mtegral the mtegrand

f(x,y) changes to f(uv,u /v) ¢ (u,v). Then, §(u,v) is . (GATE 03)
2) 2l b) 2uv v a1

o KEY R
lLe 2d 3b 4c 5b 6¢c 7.b &b 9b 10.a 1. 12a
13.b 14.c¢ 15.b l6.a 17.a 18.a 19.a 20.d 21.d 22.d 23.c 24.a
25.Max=9/§26.d 27.d 28.c 29.a 30.b 3la 32.d 33.c 34c 35.b
36a37b 38c39a40b 4l.a 42.a 43.a 44a '
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PREVIOUS GATE QUESTIONS
01. The value of I Ie"‘ze"z dxdyis
0 0

(IN-2007-2M)
) —g’i ORG
©n ) %

02. Considerthe shaded triangular region
P shown in the figure. What is

f fxydx dy? (ME-2008-2M)
P . .

| S |
(a)-ﬁ— (b); .(C)E @)1

03. If f(x, y) is a continuous function
defined over (x, y) € [0, 17 x [0; 1]
Given two constraints, x > y* and -

y > x?, the volume under f(x, y) is
: (EE-2009-2M)

y=l- X=\.T;
@ [ [fxy)axdy

Sy xmy?

y=l  x=}

® | [fcydedy

y=x? x=y?

y=l x=1

©) I J‘f(x?y)dxdy

y=0 x=0

y=Jx x=y
@ [ [rcy)dxdy

x=0 x=0

4. The temperature T(in Cy at any point
{x, y) on a surface is T = 400 xy*. The
highest temperature (in °C) on the
circumference of the circle x> + y* = |
is

@128 (b)154 (c)233 (d)381

05. A parabolic cable is held between two
supports at the same level. The
horizontal span between the supports
isL.

The sag at the mid-span is h. The
Z

equatlon of the parabolaisy = 4h

where X is the horizontal coordlnate
and y is the vertical coordinate with the
origin at the centre of the cable. The
expression for the total length of the
cable is (CE-2010-2M)

h

(d)zj " i

06. The parabolic arc y = Vx, 1 <x < 2is
revolved around the x-axis. The
volume of the solid of revolution is

. - (ME-2010-1M)
LA -
@ 1 (b? >
3x 3z

L -~
©

')‘—4— (d) 5



46 BASIC ENGINEERING MATHEMATICS

ACE Academy

R ————

07. “J‘[sin"’x + sin’x]dx is equal to

(ME-2005-1M)

() 2‘fsin6x-dx:--,.'..‘.,_- ) 2 Isin"xdx
0

0
(c) 2 I(sm X +sin’x dx (d) Zero
0 .

" 08. For the function f(x) = x%e™, the
maximum occurs when x is equal to
(EE-2005-2M)

@2 ®1 ©0 @-

1
1, .
09. The value of the integral f;;dx is
3
(IN-2005-1M)

(a)2 ' (b) does not exists
©) 2 (d) <

10.IfS= jx'3 dx then S has the value
1
(EE-2005-1M)

-1 1
o3 O3

1

- d)1
© 3 @

11. For real x, the maximurh vatue of
e s (IN-2007-2M)

ecosx
@1 ©e ©e? @

12. Consider the functlon )= [x[’, where
x is real. Then the function f{x) at
x=0is ' (IN-2007-2M)

(a) continuous but not dlfferentlable

(b) once differentiable but not twice.

(c) twice differentiable but not thrice.
(d) thrice differentiable.

13. The minimum value of functiony = x>
in the interval {1, 51 is (ME-2007-1M)

@0 ®! ©25 (d) undefined

x2
14 im e —(1+x+7
x>0 =

* (ME-2007-2M)

@0(m% @% @1

15.1fy= ‘(+\}x+\fx+\/x+ oc then

y(Q2) = - (ME-2007-2M)

(@4 (or) 1 (b) 4 only
(c) 1 only . (d) Undefined

16. What is the value of

Lim  cosx-sinX sinx -
PI-2007-1M)
x->ml4 x-1TJ4 =(

@2 ®0
() - V2 (d) Limit does not exist.

17. For the functlon f(x,y) = -y
defmed on R, the point (0, 0) is
. (P1-2007-2M)

@) a local mirnimu}n

(b) neither a local minimum (nor) a
{ocal maximum.

(c) a local maximum

(d) both a local minimum and a local

maximum.
18.
)Lgo Sm(g 2); (EC-2007-1M)
(@) 0.5 ®!
©?2 (d) not dgﬁned

ACE Academy

19. The-following plot shows a function y
which varies linearly with x. The value

2
of the integral [ = ]-y'dx (EC-2007-1M)
1

X
1234

@1 (b)2.5 ©4 (@5
20. For the function e, the linear
approximation around x=2is
(EC-2007-1M)
(a) (3 -x)e” ®)1-x

© p+2v2-(1+v2)xe?
@e? |

21. For | x | << 1, cot h(x) can be
approximated as (EC-2007-1M)

@x ®Y ©+ @
_ L @7

22. Consider the function f(x) =x* —x ~ 2.
The maximum value of f(x) in the
closed interval {-4, 4} is

) (EC-2007-2M)

(@18 (b) 10
{c)-2.25 @ indeterminate

23. Consider the function f(x) = (x>=4)* — _

where x is a real number. Then the
function has (EE-2008-2M)

(a) Only one minimum
(b) Only two minima
(c) Three minima

- (d) Three maxima

24. Given y =x* + 2x +10 the value of
dy

dx|x = 1is equal to (IN-2008-1M)

@0 ®4 (12 @13

CALCULUD )

— —

25
s (IN-2008-1M)

x>0 X
(a) indeterminate (b) o
©1 (d) e

26. The expression e™* for x > 0 is equal
to (IN-2008-2M)
@x ®mx ©x, @'

27. Consider the function y = x* — 6x + 9.
The maximum value of y obtained
when x varies over the internal 2 to 5 is

(IN-2008-2M)
@1 ®3 @©4 @9

28. For real values of x, the minimum

value of the function f(x) =¢" + ™ is
) (EC-2008-2M)
@2 @1 ©05 @o

29. Which of the following function would
have only odd powers of x in its Taylor
senes exparision about the point x = 0?

(EC-2008-1M)

@) sin(x33) L (b) sin(d)
(c)cosx) . (@) cos(xz)

30. In the Taylor series expansion of e* +
sin x-about the point X = x, the
coefficient of (x - 1)’ is(EC-2008-2M)
@e . (b05e"

(cye"+1 (d)e" -1

31. The value of the inte%ral of the
function g(x, y) = 4x
straight line segment from the point
(0, 0) to the point{};-2) in the xy-plane
is (EC-2008-2M)
(2)33 - ()35 (c)40 (d)56

-32-In the Taylor series expansion of ¢*
about x = 2, the coefficient of (x - 2

is (ME-2008 ™M)
1
@ o ® z,—
¢ e -
© % @%

+10y* along the——
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33. The value of Lim is
x>8 x-8
(ME-2008-1M)
1 1
@1 ®n
1 1
© 3 C)) )

34, Which of the following integrals is

unbounded? (ME-2008-2M)
xi4 @ l
‘ftanxd dx
(®JXX,®qHﬁ

(©) ajx e (_i'x @ }ﬁdx

" 35. The length of the curve y= %xm

between x=0&x=11s
(ME-2008-2M)
@027 (®0.67 (c)1 (d)l.22

36. The value of the integral

x/2
J(xcos x)dxis -
-a/2

@0 ®z-2 (9n @=n+2

(PI-2008-1M)

37. The value of the expression

Lim |sin)|. .y _
%50 [ 7 x ]lS (P1-2008-1M)
@0 ® 3
©1 @

+e

38. The distance between the origin and
the point nearest to it on the surface
Z2=1+xyis (ME=2009-2M)

@1 @@ ©V3 (@2

ACE Academy

39.'The érea enclosed between the curves
y*=4x and x*=4yis (ME-2009-2M)

(@? @W(@% @ 16

40. The Taylor series expansion of Snx
X-7
atx=nisgivenby  (CE-2009-2M)

(@ 1+ (x;'n) +-=

41. The total derivative of the function
Xy’ is (PI-2009-1M)

(@xdy+ydx (b)xdx+ydy
(c) dx +dy (d) dx dy

42. At t=0, the function f(t) = S‘tit has

(EE-2010-2M)
(@) aminimum .
(b) a discontinuity . =~
(c) a point of inflection
(d) a maximum

43. The value of the quantity, where
(EE-2010-1M)
@0 @1 (c)e (d)le

1
P= Jxe" d)_( is
0

44.1f & = x"* then y has a (EC-2010-2M)
(a) maximumatx=e
-(b) minimum atx =e.
-(e)masimum at x =e”
(d) minimum at x =™

' ' sii{% x)
48. The Lim 2

ACE Academy CALCULUS _ ) 49
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45. IE£(x) = sin |x | then the value of (‘:x-fat
L
X= '—Z is (PI-2010-1M)
1 1
@0 ®-—+= (@©-—= @1
7 9 F @

< —x?

. 1 =
46. The integral —— f{e ? dxisequal to -
V2n _‘,[ 1

: _ (PI-2010-1M)
@l L
@ 3 ® 5 ©1 e

47. What is the value of {im ]_l "y
: Do\ n

(CS-2010-1M)

@0 ®er (@™ (@1

is (CE-2010-1M)

X0 x
@ B @ @«

49. Given a function
f(x,y)=4x2+6yz—8x—4y+ 8, the
optimal values of f(x, y) is

(CE-2010-1M)

L 10

(2) a minimunr equal to 3
. o 10

(b) 2 maximum equal to 3

. 8
(c) a minimum equal to 3

~ (d) a maximum equal to g

50. The infinite series-

f(x)=’x—'x—+£—£+———-oc
3 st
Converges to (ME-2010-1M)
(a)-cos(x) (b) sin(x)
(c) sinh(x) @e

51. The value bf the integral J

dx
1+x?

-

. (ME-2010-iM)

@ ®F ©F @n

52. The functiony ={2 - 3x |
(ME-2010-1M)
(2) is continuous V x € R and
differential Vx € R
(b) is continuous V x e R and

differential Vx € R excépt at;( =%
(c) is continuous V x € R and ]
differential V x € R exéept'at x=§—

(d) is continuous V x € R and except
atx =3 and differential V x ¢ R

53. The integral ja[t—gjssin(t)dt

evaluates to (IN-2010-1M)

@6 ®3 (15 @o
KEY:
0l.a 02a 03.a .
04.b 05.d 06.d
07.a. 08.a 09.d.
10. ¢ 1l.c 12.¢ -
13.b 14.b 15.a
16.¢c 17.b. . 18.a :
19.b 20.a 21, -
22.¢ 23.b 24.b -
25.¢ 26.¢c 27.¢c
28.a 29.a 30.b-
3l.a 32.d 33.b
34.d 35.d 36.a
37.¢ 38.a 39.a
40.d 41.a - 42.d
43.b 44.a 45.¢c
46.¢c - 47.b "~ 48.a
49.a 50.b 51.d:
52.¢ . 53.b--

|



BAsiC ENGINEERING MATHEMATICS

TOPIC -3 VECTOR CALCULUS

* Vector differential operator, Del, written as V is defined by
V=i 0+j 0 +k 0
ox oy oz

GRADIENT

Let f(x, y, z) be a-differentiable function. Gradient of f(x, y, z) written as Vf or gradf

is defined by _ _ _
V= (61/0x) i + (81/8y) j + (8f1dz) k

* Vf defines a vector function -

* If f{x, y, z) = 0 is any surface then Vfis a normal to the surface -

* The directional derivative of f(x, y, z) at a point p(x,, y,, z,) along ais (Vf)p . a_
: fal
* The directional derivative of f(X, y, z) is maximum along Vfand the magnitude of this
maximum is  |Vf]

PROBLEMS

1) : Find 2 unit normal to the level surface x* - y* +z =2 at (1, -1, 2)
Ans: £f 2i+2j+k ' ' -
3

2) Find the diré_ctional derivative of f{x, y, z) = x’yz + 4xZat (1, -2, -1) along 2.i——_)7— 2k
Ans: 3773 ' ‘ o

3) Find the directional derivative of the function f = x*—y? +22% at P(1, 2, 3) in the direction
of PQ where Q = (5, 0, 4). : :
Ans: 2821

4) Find the directional derivative of f= x* —y* + 2% at (1, 2, 3) along Z — axis
Ans: 12

5) What is the directional derivative of ¢ = xy* + y2> at P(2, -1, 1) in the direction of a normal
to the surface x log z— y* =4 at A(-1, 2, 1).
Ans: 15W17 '

6) Find the directional derivative of =y / (x* + y*) at P(0, 1) along the line which makes an
angle 30° with positive x — axis.
Ans: -1/2

ACE Academy VECTOR CALCULUS .51

7) In what direction from the point (1, 1, -1) is the directional derivative of f = x* .2)'/2 +42
is @ maximum ?
Ans:21-4j-8k

i)n W}91at is the greatest rate of increase of K = xyz’ at the point (1,0, 3) ?
s:

' 9If T=xi+ ij+ zkandr= [T]then

DVID=£@) T
r
Hve)=n1r?t

iif) V(log r) = .t

W) VE=(T/1) =1

14) grad[T.(axb)] =axb

»v) V(lim=5/¢

10) l;ir_\d the angle between the surfaces x* + Y+zZ=9andz=x>+ y =3 at the point
2,-1,2) '
Ans: Cos™ (8/(3V21))

11 F]md] th; equation for the tangent plane to the surface 2xz* — 3xy —4x = 7 at the point
Ans(: Txe 33/ +82=126

12) Show that (V¢) .:d?= d¢ where ¢ is a scalar function, and r=x i + yJT+ zk

13) grad(t.a)=a |

wherer=xi+vyj+zk

DIVERGENCE

FA(x,y,z)=A i+ Aj+ A T(, then divergenice of A written as V . A defined by
V. A=0As+0A+0As
X oy— oz

*V.Aisascalar function

*v K #A.V

*V.A=0Ais salenaiﬁaz
V.=V

* V?$ = 0is called Laplace’s equation

*V? is Laplacian operator
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If T=xi+yj+zk then V.r=

2)IfA X y1—2xz_| +2yzkthenﬁndV Aat(2 -1 3).

Ans: -6

3) Determine the constant a so that the vector V= (x+ 3y) it+(y- 2z) j+(x+az) kis
solenoidal .

ACE Academy

Ans: 3

!
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O

VECTOR IDENTITIES -

If A and'B are differentiable vector functions, and f and g are differentiable scalar
functions of position (x, y, z), then ' '

N V(E+g=Vi+Vg

Ans: -2 2) V(fe) = f(Vg) + (VD) ——
2 then find V2§ at (1, -1, 1 - = - = .
:):Sf?zox y3z en find V-9 at ( ) ‘3)V.(A+B)=(V.A)+(V.B)
5)If r=xi+yj+zk, then sz(r)— . Ans: f@)+ (@) . 8)Vx (A+B)=(VxA)+(VxB)
£@) ' . o
5)V.(fA)= (V). A+f(V.A)
6) V2 (") = Ans:n(n+1)r"~? _ _ _
6) V x (fA)= (V) x A+ f(V x A)
7) Vz(llr) = Ans: 0 —_ - — — - -
V. (AxB)=B.(VxA)-A.(V
8) V() = Ans: 12r )V-@AxB)=B.(VxA)-A.(VxB)
' 8 Vx (V) =0
9) Vi(log 1) = Ans: 1/ )V x(V§)=0
10)V.(rxa)= . Ans: 0 NV.(VxA)=0
| CURL - 10) Vx (V x &) = V (V- A) - VA
T A iy =. . ] . Jof A, .
‘ If A(x, ylz‘) Aji+Aj+Askisa differentiable vector function then curl of A, PROBLEMS
written as, V x A is defined by _ _ :
T 1} j k ’ I T=xi+yj+zkandr=|F|th ) .
VxA < loox doy alez| yi r=|r | then answer the following .
A A A3 av.('r)= "Ans:(n+3) "
[aA3 aAzJ +_le-Q§3JJf'[zaﬁ-gpﬂ]k b)V.(F/r)= * Ans:0
oy ) e o) (& oy o -
) SO V.(r/n= Ans:2/r
* V x A is a vector function. . _ _
_ _ : YVx("T1)= Ans: 0
*If Vx A is zero vector then A is called irrotational — P -
Vx(1/P) =
PROBLEMS .- L VX (x/r) | Ans: 0
) VXT = Ans: 0 2)If A and B are irrotational then A x Bis ..................
Ans: i
2) 16 A =2y T~ 2xz] + 2yz K then find curl A at 1,1,2)and Curl(Curl A) s: Solenoidal
k and -
Ans: 2~k and 4 ' 3) Curl (grad ¢) = Ans: 0
3) Find constants a, b, ¢ so that V = (x+2y+az)1+(bx 3y- z)_|+(4x+cy+2z)kxs .
frtotational 4) If f and g are differentiable scalar functions then (VEx Vg)is ......cccoennenen.
Ans:a=4,b=2,¢c=-1 Ans: Solenoidal :
4)V)((T'XE)= . N Ans:—25 S)V.\[EX(?XE)‘]E Ans: 2a2
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6)If A =T/ then grad(div A)= ................

Ans:-2r7T
V. [tV = Ans: 3r*
V2 [V.(F/P)]= Ans: 21°

VECTOR INTEGRATION

LINE INTEGRALS: In general, any integral which is to be evaluated along a curve is called a
_ line integral -

Lett=xi+yj+zk be the positive vector of any point (x, ¥, z) on a curve C joining
the points Pyand P,,

We assume that C is composed of a finite number of curves for each of whichT(u) has
a continuous derivative - ) '

Let A(x, ¥, z) = A; i+ Az j + A3 k be a differentiable vector function. Then the
integral of tangential component 6f A along C from P, to P, is .

PP P
| A.dr=f Adx+A;dy+A;dz
P, P,

*If A is the force F on a particle moving along C, this line integral represents the work done
by the force. : .

* If C is a simple closed curve, then the integral around C is often denoted by

$A.dT
C
In Aerodynamics and fluid mechanics this integral is called the circulation of A about C,
where A represents the fluid velocity.

-

A= Vé (ie.V x A =6) ina régioﬁ R of space, them — ...

Pz ’ N
1)J A.dTis independent of path C joining P and P; in R
P

2)J A .dT=0around any closed curve CinR -
C ]

s R [n.k|
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PROBLEMS

1. IfF =3xy—i - yZJT, evaluate | ;“ dr along C where C is the curve in the xy plane, y = 2%
from (0, 0) to (1, 2).
Ans:-7/6

DIF= yTz— X). Evaluate [ F . dT from (0, 0) to (1, 1) along the following paths C-—+ -
Dy=x | S
ii) Straight line joining (0, 0) and (1, 1)

iii) The straight lines from (0, 0) to (1, 0) and then to (1, 1)

Ans: -1/3,0,-1

3) Find the totazl work done in moving a particle in a force ﬁel(i ngven by
F=(3x" + 6y) i ~ 14yz] + 20xZ" k along the straight line joining (0, 0, 0) to (1, 1, 1)
Ans: 13/3

HIFF=(2xy + 23)—i- +x? :i-+ 3x2 k i irrotational then find the scalar function ¢, Such that
F=Vé.
Ans: § =x"y + x2°
5) In the previous example, find the work done byi in moving an object in this field from
(1,-2, ) to (3,1, 4).
Ans: 202
SURFACE INTEGRALS

' Suppose § is a piece wise smooth surface and Fx, ¥, z) is a differentiable vector
function over S. Let P be any point on S and let n be the unit vector at P in the direction of-
outward drawn normal to the surface S at P, then

[f(F.n)dSisan example of surface integral.

“*{HA .n)dS=/l(A.7)_dxdy whereR is.the projection of S inXY- plane.
PROBLEMS.

1) Evaluate J[ (1_& .n)ds where A = yz—i + zx_j + xy—k and S is that part of the surface of the
S

sphere x*+y* + 22 = 1 which lies in the first octant. " -
Ans: 3/8

2) Evaluate JJ (A. n) dS where A =zi + x_j‘— 3yzzT< and § is the surface of the cylinder
p 7 _ .
x? +y? = 16 included in the first octant between z=0 and z = 5.
Ans: 90 '

Note: [ dS = Area of S
S
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VOLUME INTEGRALS

Consider a closed surface S enclosing a volume V then
iif A dV and [[[ ¢ dV are examples of volume integrals
\Y% \Y%

GREEN’S THEOREM

If R is a closed region of the xy plane bounded by a simple closed curve CandifM
and N are differentiable functions of x and y in R, then
[Mdx+Ndy=1f [gN_ - aM) dxdy
. C Rlox oy
where C is traversed in positive direction
PROBLEMS

>1) Evaluate | (xy + y?) dx + x* dy where C is the closed curve of the region bounded by y =x
C .

and y= x%
Ans: -1/20

2) Evaluate f(3x ¥ 4y)dx + (2x - 3y) dy where Cis a circle of radius 2 with center at origin
- C

in the xy — plane, is traversed in the positive sense.
Ans: -8%

3) Evaluate [ (3x* — 8:y2) dx + (4y — 6xy) dy where C is the boundary of the region defined by
C -

x=0,y=0,x+y=1
Ans: 5/3

4) Evaluate I F dr where F (x + y2 ) i— 2xy jand Cisthe rectangle in the xy plane

boundedbyx 0 X= 2 y=0,y=3.
Ans: -36

5) Evaluate I A.dTwhere A= (x -~ y) i+ (x +y)]and C is the boundary of the region

bounded by y=X 2and x =y
Ans: 2/3

GAUSS DIVERGENCE THEOREM
If V is the volume bounded by a closed surface S and K(x, ¥, Z) is a differentiable
‘vector function then

J@amyds = [[(v.A)dv
S \Y%

Where n is positive-normal to S

ACE Academy
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PROBLEMS

1) Evaluate [[ (T .7 ) dS where S is the surface of the unit sphere x* + y* + 22 = |
S Lo T .
Ans: '41': o o

2) Evaluate H (A 1) dS where A =3xi— 4y jt+8z 'kand S is the surface bounded by

X= Ox 3y 0,y= 2andz Oandz—l

- Ans: 42

3) Evaluate [[ (T: .n)dS where F = 4xz 1 — ¥ j_+ yz-i< and S is the surface of the cube

S
bounded by x=0,x=1,y=0,y=1,2=0,z=1.
Ans: 372
4) Evaluate || A.1dSwhere A=4x1— 2y ]T+ 2* k taken over the region bounded by
S e :
x2+y2=4,z=0and z=3.

Ans: 847

'5) Evaluate [[ (V x K) .ndswhere A= y i——zj—+ x_Eand S is the sphere x> + y> + 22 = |

S

~ Ans: zero

" STOKE’S THEOREM

Let S is an open, two — sided surface bounded by a simple closed curve and 1—\(x, Y, 2) |

__ is a differentiable vector function then

JA.dT=[/(Vx A).0dS where C is traversed in the positive direction.

C S
PROBLEMS
1)[T. dT where Cis the curve x* + y* = 4.
C .
Ans: 0

2)[yzdx +2x dy + xy dz where C is the curve. YT z=yh
C
Ans: 0
3) Evaluate | 1:\ .dTwhere A= 2x-y) i- yzij-— yzzl_< and C is the boundary of the upper
P
half surface of the sphere X’ + y* + 72 =1
Ans:
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4) Evaluate fA.drwhere A= (y~z+2)i+(yz+4)j-xzkand C is boundary of the
surface of
C
the cubex=0,y=0,z=0,x =2,y =2,z =2 above the xy — plane.
Ans: -4

PREVIOUS GATE QUESTIONS - “VECTOR CALCULUS”

1. The directiong}l derivative of f(x, y) = 23+ 3y + 2 at point P(2, 1, 3) in the direction of
the vector=1-2kis . (GATE’94)
a)4/s b)-4/+5 o) V5/4 , d) - V5/4

2. The derivative of f(x, y) at point (1, 2) in the direction of vector i + j is 22 and 1n the
direction of the vector —2j is —3. Then the derivative of f(x, y) in direction - — 2j is

’ - . (GATE’95)

a) 2\2 +3/2 b) - 75 ¢)-2\2-32" d) 15

3. The diregtiopal derivative of the function f(x,y,z) = x+y at the point P(1,1,0) along the

direction1+) is : (GATE’96)
ay1/\2 W2 ¢)-\2 d)2

4. For the function @ = ax’ y - y° to represent the velocity potential of an ideal fluid, )
should be equal to zero. In that case, the value of ‘a’ has to be: (GATE’99)
a) -1 b1 - c)-3 d)3

5. The directional derivative of the-following function at (1, 2) in the direction of (4i + 3;) is:

_ fix,y)=x"+V* (GATE’02)
a)4/5 b) 4 c)2/5 d)1
2.2 2 > > .
6. The vector field F = xi - yj (where 1 and j are unit vectors) is (GATE’03)

a) divergence free, but not irrotational _ - -b) irrotational, but not divergence free
¢) divergence free and ifrotational - d) neither divergence free nor irrotational

7. Value of the integral (xydy — y?dx), where, ¢ is the square cut from the first quadrant by

- C I
the line x =1 and y = 1 will be (Use Green’s theorem to change the line integral into
double integral) (GATE’05)
a) ' b) 1 c)3/2 d)5/3

8. The line integral | V.dr of the vector function V(r) = 2xyzi + x* zj + x* yk from the origin
to the point P (1,1,1) ) (GATE’05)
a)is 1 b) is zero cjis-1 (d)cannot be determined without specifying the path
KEY

I.Lb 2b 3b 4d S5b 6.c 7c 8a
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01. Stokes theorem connects
(ME-2005-1M)

(a) a line integral and a surface
integral.

(b) a surface integral and a ;/ollimé,.._: .
integral.;

() a line integral and a volume integral

_(d) gradient of a function and its
surface integral.

X2 2
02. For the scalar field u = ?+y?, the

* magnitude of the gradient at the point

(1,3)is (EE-2005-2M)
13 9 .
ol A
@ ®) \ﬁ |
©F @3
03. If a vector E(t) has a constant
magnitude than (IN-2005-1M)
= dR = dR
a) Re——=0 Rx—=0
@R 0 OR
= =—dR = — dR
) R-R=— (d) RxR=—
© dt @ Rx dt

- 04. A scalar field is given by f=x*> + y*,

wherge x and y are the Cartesian

" coordjnates. The derivative of f along
the ling y = x directed away from the
origin at the point (8, 8) is

(N-2005-2M)
2 NE)
(a) 3 () -
2 3
-~ d) =
© ) @) N
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05. Which one of the folowing is Not

associated with vector calculus?
(P1-2005-1M)

(a) Stoke’s theorem
(b) Gauss Divergence theorem
{c) Green’s theorem
(d) Kennedy’s theorem

06. The surface §(x, y, z) is given by
4xz’ - 3xy? +3x = 5. The unit vector at
‘the-point (1, -2, 2) on the-surface is
given by (P1-2005-2M).

(a) 0.256i + 0.683j + 0.256k
(b) 0.683i + 0.256j + 0.683k
(c) 0.863i + 0.256j + 0.863k
(d) 0.8631 + 0.683j + 0.863k

07. The velocity vector is given as )
v=5xyi+2y*j+3yz’k. The divergence .
of this velocity vector at (1, 1, 1) is

(CE-2007-2M)

@9 (b)10
(c) 14 (d)15
08. The area of a triangle formed by the
tips of vectors E,b and ¢ is
o (ME-2007-2M)
1 - - ~ -
@ E(a-b)'(a‘—C)
_ 1, - = -'=
®) 3 [(@=b)x(a—c)|
© 5laxbxe|
(d) %(Exﬁ)oé

09. The angle (in degrees) between two -
- V3.1,
planar vectors a = 71+5 j and

3.1, .
=_2£1+5 jis  (PI-2007-1M)

<l

@30 B0 (90 (d)120
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$0. f{x) = x| is a function defined for real
numbers x. The directional derivative
of fat x = 0 in the direction d = —1 is
' (P1-2007-1M)
(@)1 ®o

-1
© ey d-1

11. Divergence of the vector field
v(X, ¥, ) =—(x cosxy + 2y)i +
(y cosxy)j + [(sinz?) +x* + Y] k is
(EE-2007-1M)
(a)2z cosz?
(b) sin xy + 2z cosz?
(¢) x sinxy — cosz
(d) none of these
12. Consider poinis P and Q in xy — plane
with P = (1, 0) and Q = (0, 1). The line

Q
integral 2 I(x dx + ydy)along the
P

semicircle with the line segment PQ as
its diameter. (EC-2008-2M)

(@)is-1 (b)is0 (©)1
(d) depends on the direction (clockwise
(or) anti-clickwise) of the semi
circle.
13. The divergence of the vector field
-+ -x)j+x+y+2)k is
(ME-2008-1M)
@0 ®1 ©2 (@3

14. The directional derivative of the scalar
function f(x, y, ) =x* + 2y’ +z at the
point P = (I, 1, 2) in the direction of
the vector a =3i—4j is(ME-2008-2M)

@4 ®-2 ©-1 @I

15.1f r is the position vector of any point
on a closed surface S that encloses the

volume V then H(; dg) is equal to
s
_ (P1-2008-1M)
@IV BV ©2 @3V

16. For a scalar function
f(x, y, z) =x* + 3y? + 22, the gradient
at the point P(1. 2, -1) is

(CE-2009-1M)

(a) 2i+6j+4k  (b) 2i+12j—4k
(c) 2i+12j+4k (@) V6.

17. For a scalar function
f(x,y,2)= X+ 3y2 +22%, the
directional derivative at the point

~ P(1, 2,-1) in the direction of a vector

i-j+2k is (CE-2009-2M)

@-18 (®=3v6 ()36 ()18

. 18.If a vector field V is related to another

field A through V=VxA , which of
the following is true? (EC-2009-2M)

Note: C and Sc refer to any closed
contour and any surface whose
boundary is C. :

o - ][5
c 'C

® - [ 5
c Sc

©) tj.va-ai: HVxXEé
c S¢ o

(d z{WX-EL:H V.ds
s c

19. A sphere of unit radius is centered at
" the origit. The unit normal at a point -
(X, ¥, z) on the surface of the sphere is

the vector. ‘ (IN-2009-1M)
' 1 1 1
(a) (X, Y, Z) (b) [73‘»7—5,7—5)

X y z (x y. z )
C T Ty o d T YT s
©F 5 o5 5%
20. The divergence:of the:vector field
3xzi+2xyj-y2*k atapoint (1, 1,1)
isequalto (ME-2009-1M)

@7 @®4 (©3 (@O
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21. A path AB in the form of one quarter
of a circle of unit radius is shown in
the figure. Integration of (x+y)* on
path AB traversed in a counter —

clockwise sense is (ME-2009-2M)
Y
B
X:

A
@glwgn @%(m

- 22.F(x, y) = (X’ +xy) &, +(y*+xy) 4, Its

line integral over the straight line from
*,¥)=(0,2)to (x,y)=(2,0)

evaluates to (EE-2009-2M)
(a)-8 ®4

©8 (@0

23. The line integral of the vector function
F=2xi+x? j along the x — axis from

x=1tox=2is (P1-2009-2M)
@0 (b)2.33
©3 (d)5.33

..24. Divergence of the 3 ~ dimensional

radial vector field r is (EE-2010-2M)
1
@3 (b) ~
r

© i+j+k @ 3(+j+k)
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251f A=xya + xz-éy then {K -dlover

the path shown in the figure is

(EC-2010-2M)

Ya
3+ <
2—- 4 A C—
1+ »
0 } } »X
N3 23
2
(@0 ) =
5
©1 @ 243
KEY:
0l.a 02.¢ 03.a
04.2 05.d 06.
07.d 08.% 09.d
10. 11.a 12.b
13.d 14.b 15.d
16.b 17.b 18.b
19.a 20.¢ 21.b
22.¢c 23.¢ 24.a
25.¢
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Toric-—-4 PROBABILITY & STATISTICS

The probability p of an event A has defined as follows. If A can occur in s ways out of a
total of » equally likely ways then

p=plA)= s/n _ ) .
SAMPLE SPACE: The set S of all possible out comes of some given experiment is called the
sampie space.

An event is a subset of the sample space. The empty set ¢ and S itself are events. . .
¢ = Impossible event
S = Certain event

A v B is the event that occurs if A occurs or B occurs ( or both )

A A Bis the event that occurs if A occurs and B occurs

A", the complement of A , is the event that occurs if A does not occur

MUTUALLY EXCLUSIVE EVENTS: Two events A and B are called mutually exclusive, if they
are disjoint i.e.. A A B = ¢n In other words, A and B are mutually exclusive if they cannot
occur simultaneously.

Axioms Of Probability:
1." Forevery event A, 0 <P(A) <1
2. PS)=1
3. If A and B are mutually exclusive events, then
P(Av B)=P(AorB)=P(A)+PB)
4. IfA, Ay, oon.e.. A, are mutually exclusive then .
PA VAV . Vv Ap) =PA)+PAY +......... +P(A))

5. If ¢ is the empty set, P(¢p)=0
6. If ACisthe complement of an event A, then
P(AS) =1~ P(A)
7. If AR, then P(A) < P@®B) _ . i -
. 8.- If A and B are any two events then : C
P(A =B) =P(A)-P(AAB)
- 9. Addition theorem of probability:
If A and B arc any two events, then
P(A v B) = P(A) + P(B) - P(AAB)
10. For any three events A, B, C
P(AvBvC) = P(A) + P(B) + P(C) — P(AAB) - P(BAC) — P(CAA) + P(AABAC)

NOTE: A finite or countably infinite probability space is said to be discrete and an
uncountable space is said to be non — discrete (continuous ).

OBJECTIVES: 7
I. Three horses A, Band C are in a race. A is twice as likely to win as B and B is twice as
likely , .

to win as C. What is the probability that B or C wins?

a)2/7 b) 3/7 . c)4/7 d) 6/7
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~2. A card is selected at random from an ordinary pack of 52 cards. Probability of selecting a
spade card or a face card is

a)3/32 b) 23/52 €) 22/52 d)25/52

3. Let two items be choosen from a lot containing 12 items of which 4 are defective. What is
the probability that atleast one item is defective?
a) 19/33 b) 14/33 c) /11 d) 13733

4. A number is selected at random from first 200 natural numbers. Find the probability that
the number is divisible by 6 or 87

a)1/3 b) 1/4 15 Q23

s A:'poirit is selected at random inside a circle. Find the probability p that the point is closer

to the centre of the circle than to its ¢ifcumference?
ayl/3 . b) 1/4 ol/5 d)2/3

6. Let A and B be events with p(A) = 3/8, P(B) = 1/2 and P(A A B) = 1/4 then which of the
following is false.

a)P(A°VBS) =34 b)P(ACABY) =38 o) P(AA BY) =1/8  d)P®BAAS) =58

7. Of 120 students, 60 are studying French, 50 are studying Spanish and 20 are stl}dying
French and Spanish. If a student is selected at random then which of the following is not
correct, »

a) Probability that the student is studying French or Spanish is 0.75.

b) Probability that the student is studying neither French nor Spanish is 0.25.
¢) Probability that the student is studying Spanish but not French is 0.25.

d) Probability that the student is studying French but not Spanish is 0.3.

8. In a class of 100 students, 40 failed in mathematics, 30 failed in physics, 25 failed in
chemistry, 20 failed in maths and physics, 15 failed in physics and chemistry, 10 failed in
chemistry and maths, 5 failed in maths, physics and chemistry. If a student is selected at
random then the probability that he passed in all three subjects is
)04 b) 0.45 ©€)0.35 © d)0.65

Conditional Probability: : o

Let E be an arbitrary event in a sample space S with P(E) > 0. the

: Probabilify-that an event A occurs once E has occurred or, in other words, Conditional

Probability of ‘A’ given E, written P(A/E), is defined as follows

P(A/E)=P(A AE)
NoTE: P(E)

Let S be a finite equiprobable space with events a and E. Then
P(A/E)= _number of elements in (A A E)
number of elements in E

Multiplication Theorem:
If A and B are any two events then
P(A A B) =P(A). P(B/A)
= PB). P(A/B)
Notk:
If A and B are Independent events then
P(A/B) = P(A) and P(B/A) = P(B)
P(A A B) =P(A). P(B)
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9. 1.ct a pair of dice be tossed. 1f the sum is 6, find the probability that one of the dice is a 2.
a) /5 b) 2/5 c)3/5 d)4/5

10. A.man visits‘ a couple who have two children. One of the children, a boy, comes in to the
room . Find the probability p that the other is also'a boy
a) 173 b) 2/3 c) 12 d)3/4

11. Let A and B be events with P(A) 3/8 P(B) = 5/8 and P(A v B) =3/4 . Find the
conditional probability P(A/B)
a)1/3 : b) 2/5 c)3/4 a2
12. In certain college, 25% of the students failed mathematics, 15% of the students failed in
_ Chemistry, and 10% of the students failed in both ‘maths and chemistry. A student is
Selected at random. If he failed chemistry, what is the probability that he failed in maths?

a)2/3 b)2/5 ) 3/5 d)1/5
13. A die is tossed. If the number appeared is odd, what is the probability that it is prime?
- a)l3 b)2/3 c)3/4 d)1

14. In a certain college, 4% of the men and 1% of the women are taller than 1.8m. Further
more, 60% of the students are women. Now if 4 student is selected at random and is taller
than 1.8m, what is the probability that the student is a woman ?

a)3/11 b) 4/11 - o) 511 dj 6/11

15. We are given three urns as follows. Urn A contains 3 red and 5 white marbles, Urn b
contains 2 red and 1 white marble, Um C contains 2 red and 3 white marbles. An urn is’
selected at and a marble is drawn from the urn. If the marble is red, what is the probablhty

that it came from urn A?
a)45/173 b) 37/165 c)27/109 . d) 39/185

16. A coin, weighted so that P(H) =2/3 and P(T) = 1/3 is tossed. If heads appears, then a
number is selected at random from the numbers 1 through 9, If tails appears, then a
number is selected at random from the numbers 1 through 5. Find the probability P that
an even number is selected.

a) 67/145 b) 58/135 c)74/157 d)43/142

17. A box contams three coins, two of them fair and one two headed. A coin is selected at

‘random and tossed twice. If heads appears both times, what is the probability that the coin

istwo headed? ,
a)2/3 b3 ¢)3/4 -d)i/2

18. Ann urn contains 3 red marbles and 7 white marbles. A marble is drawn from the urn and
a marble of the colour is then put in to the urn. A second marble is drawn from the urn. If
both marbles where of the same colour . What is the probability P that they were both
white?

a) 5/6 b)7/8 c)8/9 — . 4910
Random Variable And Expectation: '
Suppose that to each point of a sample space we assign a number. We then have a
function
defined on the sample space. This function is called a random variable or more precisely a
mndom Sfunction. It is usually denoted by a capital letter such as X or Y.
A random variable which takes on a finite or countably infinite number of values is
called a discrete random variable. While one which takes on non countably infinite number
of values is called a rion — discrete or continuous random variable.

!
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Discrete Probability Distribution:

Let X be a discrete random variable-and suppose that the possible values which it can
assume are given by xy, xa,.......... ate arranged in increasing order of magnitude. Suppose
also that these values are assumed with probabxlmes given by

PX=x)=fx) i=1,2,.......
Or PX=x)={x) '
In general, {(x) is a probability function
If

Vs

1, f(x)=0
2,2 fx)=1 where sum is taken over all possible values of x. S
X
€ONTINUOUS PROBABILITY . DISTRIBUTION

If X-isacontinuous distribution random variable-then a function wlnch
satisfies the following requiremenits is called probability distribution or probability density
Sunction of X ' -

1. fx)=0
(o]
2.J fx)dx =1
-0 b
Pa<X<b)={ f(x)dx
a
MATHEMATICAL EXPECTATION:-
1. For a discrete random variable X having the possibie values x;, X,............ X, the
" expectation of x is defined as n
EX)=x; .P(x;)+x3. P(x2) +.... 4 %, P(x)) =2 xP(x)
i=1
2. For a continuous random vanable X having densny functlon f(x) the expectatlon of x is
defined as :
T E(x)= fx fx) dx
~00
3.1f Xis a discrete random variable having probability den51ty functlon f(x), they
E{g(x)} = 2- [ (0. f(X)} o
° o0
4.1 X'is a continuous random variable having p.d.f. g(x) they E[g(x)] I [2x). X)) dx

-00
5.1f ¢ is any constant, then E(c X) = ¢. E(X)
6. If X and Y are any random variables, then E (x+y)= Ex)+ E(y)

7.1f X and Y are independent random variables then E(XY) =EX). E(Y)

8. Variance & standard deviation
Var (x) = E[(x - p)’]
S.D.of X=0x = var(x)
Var(cx) c? Var(x)
o’ =Ef(x-p)] = Ex) {E(X)]
Var (x £ y) = var(x) + var(y)
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19. Find the constant C such that the function:
flx)=Cx’, 0<x<3.
=(). otherwise
is a probability density function. Hence find P(1<x<2)

20. A random variable x has density function f(x)-= C/(x* + 1) where - 0 <X <,

a) find the value of the constant C -~ bP(113< =2
21. Thé density function of a random variable X is given by fix)=x2 0< x‘< 2
= ( otherwise -
Then the mean and variance of X are -~ : R : o
a) 4/3,219 b) 2/3,4/9 c)4/3,4/9 d) 2/3,2/9
22. The expectation of discrete random variable X whose probability function is given by
fx) = (172), x=1,2,3,......... is
al . b)2 )3 d)4

) } e . _ 2
23. A continuous random variable X has probability density given by fix)= {2 e, x>0
then expectation of X 0, x<0

2) 0.1 b)025 - &) 05 d)0.75

24. On a rainy day an umbrella salesman can earn Rs. 300, and on a.ffiir day (nq rain) h<?
loses Rs. 60. What is his expected income per day, if the probability for a rainy day is 0.3
a)Rs 24 " b)Rs36 c)Rs48 “d)Rs 64

25. In a lottery there are 200 prizes of Rs 5,20 prizes of Rs. 25 and 5 p.rize's of Rs _100.
Assuming that 10,000 prizes tickets are to be issued and S9Id what is the. fair price to pay
for the ticket?( Or if some one purchases a lottery ticket his expectation is------—.
a)Rs 0.2 b)Rs. 0.4 .. ©)Rs.05 = d)Rs. 0.6

26.-A random variable X has the following probability function
S x:01 2 3 4 5 6

_ _ ThenP (3<x<6) = P(x): k 3k 5k 7k 9 11k 13k
a) 11/109 b) 22/49 - )33/49 ' - d)44/49

27. Find the expectation of the sum of points in tossing three fair dice
a) 10 . b) 10.5 - oll : dy11.5

28. A pla);er tosses a fair die. If a prime number occurs he wins tlfat num_bcr.of rupees, but if
a non prime number occurs he loses that number of rupees. His expectation In rupees for

each tossing is )
a) 1/6 b) 112 c)-1/2 d)-1/6 —_

29. The joint density function of two random variables X and Y is givqn'by _
fx, ) =xy/96, 0<x <4, 1<y <3 :
=0, otherwise.
Which of the following is false . _
AEX)=83 b) B(Y)=31/9 )EXY)= 248/27 d) EQ@X + 3.Y) =47/3  €)none
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30. Three machines A, B and C produce respectively 50%, 30%,and 20% of total number of
items of a factory. The percentages of defective output of these machines are 3%, 4% and
5% respectively. If an item is selected at random and is found to be defective then the
probability that it is produced by machine B is
a) 15/37 b) 16/37 c) 14/34 d) 12/37

BINOMIAL DISTRIBUTION (BERNOULLI’S DISTRIBUTION)

Bernoulli trial: In an experiment if the probability will not change from one trial to tlie next
(tossing a coin or die), such trials are called Bernoulli’s trial

If p is the probability that an event will happen in aﬁy single Bernoulli’s trial (called -
the probability of success). Then q = 1- p is the probability that the event-will fail to happen _ ..
(called the probability of failure) : :

The probability that the event will happen exactly x times in n trials (i.e., x successes
and n-x failures will occur) is given by the probability function
fx) =PX=x)=C(n,x) p* q" '
where the random variable X dénotes the number of successes in n trials and
x=0,1,2,......... n. :

For Binomial Distribution:

Mean=p =n.p coefficient of skewnen = g - p
Vnpq_

Variance =¢> =npq kurtosis=3 + 6-6pq

S.D.=¢ =Vnpq . ' npq

31. Ten coins are thrown simultaneously. Which of the following is wrong
a) probability of getting atleast one head is 1023/1024
b) probability of getting atmost 8 heads is 1013/1024 ~
c) probability of getting afleast 2 heads is 1013/1024
d) probability of getting exactly 8 heads is 11/1024

32. Out of 2000 families with 4 children each, how many families would yqﬁ expect to have
atleast one boy? . e R
a) 1250 b) 1875 Te)1500 . - =) 1825

33. If 20% of the bolts produced by a machine are defective, determine the probability that
out of 4 bolts chosen, the number of defective bolts is less than 2
a)27/64 b) 81/256 ¢) 27/256 d) 512/625

34. The probability of getting a total of 7 atleast once in three tosses of a pair of fair dice is
a) 125/216 b) 91/216 ) 117216 d)99/216

35. If the probability of a defective bolt is 0.1, then the mean and standard deviation fdr.the
number of defective bolts in a total of 400 bolts are------ and -------
a)40,6 b) 36,9 c) 36,6 d) 40,9

36. How many dice must be thrown so that there is better than even chances of getting a 6
a)4 b) 5 c)6 d)7 .




68 BASIC ENGINEERING MATHEMATICS  ACE Academy

37, Which of the following statements is true
a) The mean of the Binomial distribution is 5 and standard deviation is 3
b) For a Binomial distribution, mean is 6 and variance is 9
¢) For a Binomial distribution mean is 3 and variance is 2
d) None of the above

Poisson distribution:
Let X be a discrete random variable which can take on the values 0, 1, 2.....such that the

probablllty of X is given by _ . _ :
fx) =PX=x)=2.e* x=0,1,2,.......
x!
Where X is a given positive constant called the parameter of the distribution. -
For Poisson Distribution:
Mean =p= A Variance = 6> =4
SD=c=v1 '
Coefficient of Skewness = 1/VA
Coefficient of Kurtossis =3 +(1/A) .

NoOTE:
—  When nis large and p is small then Bmomlal distribution is very closely approximated

by poisson distribution.
—> Poisson distribution is a limiting case of binomial distribution as n — o and p—> 0

38. If the probablllty that an individual suffers a bad reaction from i injection of a serum is
0.001. Determine the probability that out of 2000 individuals, exactly 3 individuals suffer
a bad reaction.

a)0.12 . b) 0.08 .¢)0.18 . d) 0.003
39. In the above problem, find the probability that more than 2 individuals will suffer a bad
reaction
. 20823 b)0.632 90523 . d)0.323
40. In problem (38), find the probability that atleast one individual suffer a bad reaction
a) 0.87 b) 0.64 c)0.92 d)0.47
41.1f X foliows poisson dlstnbutlon such that PX = 1) =P(X =2) then P(X = 0) =
a)e’! b) e ' c)e? d)e

42. In a certain factory of turning razor blades, there is a small chance (1/500) for any blade
to be defective. The blades are supplied in packets of 10. Use Poisson distribution to
calculate the approximate number of packets containing atleast one defective blade in a
consignment of 10,000 packets. ' ’

a) 9802 b) 198 ' €)2 d)196
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Normal Distribution:

Normal distribution is another limiting form of the binomial distribution under the
following

conditions

i) n, the number of mals is indefinitely large. ii)Neither p nor q is very small.
The normal probability (curve) density function with mean p and standard deviation o is
given by the equation _ fx= 1 exp [-(x )% 26%], -0<x<o

PROPERTIES: o\2n -
The curve is bell shaped and symmetrical about the line x = p

1.
2. Mean, Median and Mode of the distribution coincide.
3. Asx jncreases numerically f(x) decreases rapidly.
4. The maximum probablllty occurs at the point x = p, and given by
[P )max = L
oV2n
5. x-axis is an asymptote to the curve.
6. Coefficient of skewness is zero.
7. Coefficient of kurtosis is 3.
8. Total area under the normat curve is unity.
9. Area property P(y-o0 <X< p+c)=0.6826

P(p-20<X< p+20)=0.9544
P(p-30<X< pn+30)=0.9973

10. Mean deviation -(about mean) = (4/5)c
- 11. Standard normal distribution.. If weletZ= X-p

then the mean of Z is 0 and variance is 1. )
The probability density function for Z is
f(z) = exp(-22/2)

2m
b V4)
Pa<X<b)=| fx)dx = [ fiz)dz
a Z)
=" Area under the standard-normal curve between zyand z;
PEHSZ<1)=0.6827, P(2<Z<2)= 0.9545,P(-3 £ Z<3)=09973
P(-a<Z <a)=2P(0 <Z<a)=2( Area under the normal curve between Z =0 and Z = a)

P(-a<Z<b)=P(-a<Z<0)+P0<Z=<b)
=P(0<Z<a)+P(0<Z<b)
= (Area under the normal curve between Z = 0 and Z =a )+ (Areabetween Z=0and Z=b)

P(Z>a)=05-P0<Z< a)
=0.5 —(AreabetweenZ=0and Z = a)

P(Z<-a)=P(Z2a)

" PZi<Z< Z)=P0<Z< Z,)-P0O<Z< Zy)

P(-Z)<Z< -Z)=P(0<Z< Z)-P(0<Z< Zy)
P(Z<a)= 05+P(0<Z< a)
P(Z2-a)=P(Z<a)
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43. Area under normal curve between Z = 0and Z = 1.2 is 0. 3849. Which of the following
statements is false.
a) P(Z>1.2)=0.1151
¢) P(-1.2 <Z <1.2) = 0.7698

b) P(Z <1.2) = 0.8849
d) PZ>-1.2)=0.1151

L '44. The mean inside diameter of a sample of 200 washers produced by a machine is 12mm

and the standard deviation is 0.02mm. The purpose for which these washers are intended
allows a maximum tolerance in the diameter of 11.97 to 12.03mm. Other wise the
washers are considered to be defective. Determine the percentage of non defective
washers produced by the machine, assuming the diameters are normally distributed.(Area
under the normal curve between Z =0 and Z =1:5 is 0.4332)

a) 43.32% b) 86.64% ) 93.32% d) 54.68%

45, Suppose that the temperature during june is normally distributed with mean 20° ¢ and
standard dev1at10n 3.33%, Find the probability P that the temperature is between 21.11%
and 26.66'c (Area under the normal curve between Z =0 and Z = 2 is 0.4772 and
between Z=0and Z =0.33 is 0. 1293)

a) 0.3479 b) 0.6065 c) 0.8479 d) 0.1065

46. A die is tossed 180 times. Using normal distribution find the probability that the face 4
) wxll turn up atleast 35 times -
(Area under the normal curve between Z = 0 and Z'=1is0. 341 3)
a) 0.1587 b)0.8413 c) 0.6587 d)0.3413

47. Suppose the waist measurements of 500 boys are normally distributed with mean 66cm
and standard deviation 5cm. Find the number of boys with waists < 70cm (Area under the
normal curve between z =0 and Z = 0.8 is 0.2881)

a) 394 b) 288 c) 788 d) 112

48. Among 10,000random digits, find the probability P that the digit 3 appears at most 950 _

times. (Area under normal between Z =0 and Z = 1.67 is 0.4525)
2) 04525 b) 0.9525 €)0.91 d) 0.0475
KEY
Lb 2c¢ 3a 4b 5b 6d 7d 8b 9.b 10.a 11.b 12.a
13.b 14.a '15.a 16.b 17.a 18b 19.C=1/9,P(1 <X <2)=(7/27)

20.C=1/m P(13)<X><1)=1/6 2l.a
28.d 29.¢ 30.d 3L.d 32.b 33.d
40.a 41.b 42.b 43.d 44.b 45.a

2.b 23¢c 24.¢c 25.a 26.c 27.b
34.b 35.a 36.a 37.¢ 38.c¢ 39.d
46.a 47.a 48.d

)
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PROBABILITY (ADDITIONAL PROBLEMS)

1) Let f(x) be the continuous probability function of a random variable X. The probability
thata<X <bis b b

a) f(b - a) b) f(b) - f(a) o fx)dx ) I x . f(x) dx
a

a
2) Which one of the following statements is not true
a) The measure of skewness depends upon the amount of dispersion
b) In a symmetric distribution the values of mean, mode and median are the same
¢) In a positively skewed distribution: mean > median > mode
d) In a negatively skewed distribution: mode > mean > median

rs

3) A bag contains 10 blue marbles and 30 red marbles. A marble is drawn from the bag, its
color recorded and-it is put back in the bag: This process is repeated 3 times. The

probability that no two of the marbles drawn have the same color is (GATE’05{IT))
a) 136 b) 1/6 c) Y d)173
4)If P and Q are two random events, then the following is true (GATE’05[EE])

a) Independence of P and Q implies that Probability(P ~ Q) =0

b) Probability (P ~ Q) 2 Probability(P) + Probability(Q)

¢) If P and Q are mutually exclusive then they must be independent
d) Probability(P n Q) < Probability(P)

5) A fair coin is tossed 3 times in succession. If the first toss produces a head, then the

probability of getting exactly two heads in three tosses is (GATE’05{EL])
a)1/8, b) ¥4 ) 3/8 d)%
6) Two dice are thrown simultaneously. The probablllty that the sum of numbers on both
exceeds 8 1 (GATE’05[PI})
a) 4/36 b) 7/36 ) 9/36 d) 10/36 .
. 7)Aot has 10% defective items. Ten items are chosen randomly from this fot. The
. probability that exactly 2 of the chosen items are defective is (GATE’05{ME])
a) 0.0036 b) 0.1937 ¢) 0.2234 d) 0.3874
A smgle dle is thrown two tlmes What is the probabllltythat the sum is neither 8 nor 9?
- (GATE’05[ME]})
. a) 1/9 5)5136 c)Va )% —

~9) The probability that there are 53 Sundays in a randomly chosen leap year is

(GATE?05[IN})
a) 177 b) 1/14

10) Find the probability of not getting a total of 7 or 11 on either of two tosses of a pair of fair
dice? s

c) 1/2¢8 d)2/7

a) 25/36 b) 21149 ¢) 35/64 d) 49/81
11) Find the probability of a 4 turning up atleast once-in two tosses-of a fair dice?
a) 8/32 b) 10/36 ) 11/36 d) 13/36

12) A fair dice is rolled twice. The probability that an odd number will follow an even
number is / (GATE05[EC))
a) % d) 1/4 -

b) 1/6 Q13
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13) In a population of N families, 50% of the families have three children, 30% of families
have two children and the remaining families have one child. What is the probability that

arandomly picked child belongs to a family with two children? (GATE’04[IT})
a)3/23 b) 6/23 c)3/10 - d)3/5 :

14) If a fair coin is tossed 4 times, what is the probability that two heads and two tails will
result? (GATE’04[CS})
a) 3/8 b) % c)5/8 d) %

15) An exam paper has 150 multiple choice questions of 1 mark each, with each question
having four choices. Each incorrect answer fetches -0.25 marks. Suppose 1000 students
choose all their answers randomly with uniform probability. The sum total of the -
expected marks obtained by all the students is-
a)0 b) 2550 © ¢)7525 d) 9375

16) In a class of 200 students, 125 students have taken programming language course, 85
students have taken data structures course, 65 students have taken computer organization
course, 50 students have taken both programming languages and data structures, 35
students have taken both programming languages and computer organization, 30 students
have taken both data structures and computer organization, 15 students have taken all the
three courses.

How many students have not taken any of the three courses?
a) 15 b)20 c)25 d)35

17) Let P(E) denote the probability of an event E. Given P(A) =1, P(B) = % the values of

P(A/B) and P(B/A) respectively are ' (GATE’03{CSE})
ay Y, Y b) Y%, % c) %, 1 d1,%
18) Four fair coins are tossed simultaneously. The probability that atleast one heads and
-atleast one tails turn up is . (GATE’02[CS))
a) 1/16 by 1/8 ' c)7/8 d)15/16-
19) Seven car accidents occurred in a week, what is the probability that they all occurred on
the same day ? . (GATE’01[CS])
2) 17" b) 1/7° L A ¥ /X
20) E; and E; are events in a probability space satisfying the following constraints
P(E)) =E) ; PE VE)=1 ; E; & E; are independent .
Then P(E;) — (GATE’2000[CS])
a)0 b) % O d1

21) Suppose that the expectation of a random variable X is 5 Which of the following
statements is true? . (GATE’99[CS))
a) There is a sample point at which X has the value 5
b) There is a sample point at which X has the value > 5
c) There is a sample point at which X has a value > 5

22) Consider two events E; and Ej such that P(E;) = %, P(E;) = 1/3 and P(E, N E;) = 1/5.
Which of the following statements is true? ' (GATE’99(CS})
i a)PE I VEy)=2/3 b) E, and E; are independent
c) E)-and E, are not independent d)P(E, /Ey)=4/5

d) none of the above

(GATE'04[CS}])-

(GA TE’04(ID)
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23) A die is rolled three times. The probability that exactly one odd number turns up
among the three outcomes is ' (GATE’98[CS})
a) 1/6 b) 3/8 c) 1/8 d) ¥

* 24) The probability that it will rain today is 0.5. The probability that it will rain tomorrow is

0.6. The probability that it will rain either today or tomorrow is 0.7. What is the
..probability that it will rain today and tomorrow? (GATE’97[CS}))
a) 0.3 b)0.25 c)0.35 d)04 .

25) The probability that a number selected at random between 100 and 999 (both inclusive)
will not contain the digit 7 is (GATE’95(CS]}
a) 16/25 b) 9/ 10)° c)27/75 d) 18125

26) The probability of an event B is p;. The probability of events-A-and B occur together is
p2- While the probablllty that A and B occur together is p;. The probablhty of event A in
terms of py, p; and p; is
a)p1tp b) p2 +p3 o) pstpi d)p1+p3—p2

27) Let A and B be any two arbitrary events then which one of the following is true?
a) P(A N B) = P(A). P(B) b) P(A L B) =P(A) + P(B)
¢)P(A/B)=P(AnB).PB) d)P(AUB)<P(A)+P(B)

28) The probability that a new Airport will get an award for its design is 0.16. The probability
that it will get an award for its efficient use of materials is 0.24 and probability that it will
get both the awards is 0.11. What is the probabnhty that it will get only one of the two
awards?

a) 0.29 b) 0.18 ¢)0.21 d) 0.19.

29) There are 27 students in a class. What is the probability that atleast 3 of them have their
birthday in the same month?
a) 1/9 T b l/12 c) 4 “d)y1

30) A jar has 5-marbles, one of each of the colors, rec‘i white, blue, green and yellow If4
marbles are ;elnoved from the jar, what is the probability that the yellow one is

removed?
a)1/5 b) %4 c)4/5 ‘ “d) %

3 1) If thie probability that a communication system has a high ﬁdehty is 0 81 and the

probability that it will have high fidelity and high selectivity is 0.18. What is the
probability that a system with high fidelity will also have high selectivity?
_a)2/9 b) 7/9 ¢)063 - = d)0.37

32) A jar contains 4 marbles. 2 red and 2 white. Two marbles are chosen at random. If p; is
the probability that the marbles chosen are of same color and p; is the probability that the
marbles chosen be of different colors, then which of the following is true?
ap=p2 b) p1=2p; Op=2p . d) 2p =3p,

33) The average grade for an examination is 74 and the standard deviation is 7. If 12% of the
class are given A’s and the grades are curved to follow normal dlsmbutlon then what is
the lowest possible A?

[The area under the standard normal curve to the left of Z =1.175 is0.88]
a)79 b) 81 <) 83 d) 85
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34) A and B play a game in which they toss a fair coin three times. The one obtaining heads
first wins the game. If A tosses the coin first and if the total value of the stakes is Rs. 20.
How much should be contributed by B in order that the game is fair?

a) Rs. 6.66 b) Rs. 7.50 c)Rs. 8 d)Rs. 8.25
35) An inefficient secretary places 5 dlfferent letters into 5 dlfferent addressed envelopes at
random.

Find the probability that atleast one of the letters will arrive at the proper destination.
a) 4/5 b) 1/120 c) 19/30 d) 119/120

36) Determine the probablllty p, that a non defective bolt will be found next, if out of 600
bolts already examined, 12 were defective? _
2)0.02 - b) 0.04 c) 0.96 d) 098

37) Each of the three identical jewelry boxes has two shelves. In each shelf of the first box
- there is a gold watch. In each shelf of the second box there is a silver watch. In one shelf
of the third box there'is a gold watch while in the other there is a silver watch. If we select
~ abox at random, open one of the shelves and find it to contain a silver watch. What is the
probability that the other shelf of the box has the gold watch?
a) Vs b) 1/3 ) 1/4 d)3/4

38) Box P has 2 red bails and 3 blue balls and box Q has 3 red balls and 1 blue ball. A box i§ .

selected as follows.
i) Select a box
. ii) Choose a ball from the selected box such that each ball in the box is equally likely
to be chosen. The probabilities of selecting boxes P and Q are 1/3 and 2/3 respectively.
Given that a ball selected in the above process is a red ball, the probability that it came
from the box P is

a) 4/19 b) 5/19 €)2/9 d) 19/30

3INF ora probability distribution, If ‘a’ is the mean, ‘b’ is the mode and “c
deviation then the coefficient of skewness = ...................
~a)(b-a)/c b)(a-c}/b c)(b-c)/a

. KEY: _ i
Le2d 3b 4d 5b 6d 7.b 8d 9d 10.d 1.¢ T.d

13.bl4.a -15.d 16.c 17.d 18.c 19.b 20.d 2l.c 22.c¢ 23.b 24.d
25.d26.b

’ is the standard

d) (ab)/ ¢

27.d 28.b 29.d 30.c 3l.a 32.¢ 33.c¢ 34.b 35.c 36.d
37.b38.a 39.d

MEAN / MEDIAN / MODE / SD

01. Calculate the arithmetic mean for following data1600 1560, 1440, 1530, 1670, 1860,
1750, 1910, 1490, 1800

(a) 1660 © (b) 1661 (¢) 1670 (d) 1560
02. Arithmetic mean of 24, 28, 29, 34, 18, 22, 26, 30, 32. 24, 20 is
(@) 26.09 (b) 26 () 24 (d) 34
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03. Arithmetic mean of the natural numbers from 1 to n is .
(a) n(nt1) (b) nti_ {c) /2 {(d) none
2 2

04. If 10 is added to each and every item of a data, then the arithmetic mean
() Is increased by 10 times (b) is not increased
(c) is greater by 10 (d) none

05. The man of 25 values was calculated as 78.4, but while taking them an item 69 was

misread as 96, the correct mean is ,

(a) 77.32 (b)78.4 (c) 76 (d) 69
06. The median of 55, 100, 75, 80, 90, 85, 95, 45, 70, 70, 55
@75 (b) 85 {c) 90 d) none
07. The simplest measure of dispersion is _ -
(@)S.D ) Range (c)MD (d)QDb
08. The measure of dispersion which is used to find more consistent data is
(a) SD : (b) MD (c)QD (d) Range
09. Standard deviation of 27, 35, 40; 35, 36, 36, 29 is
(@17.14 (b)4.14 (c) 34 (d) none
10. For a symmetrical distribution QD is
(a)2/3 SD ~ (1SD (c)MD - (d) 6/5MD
11. Standard deviation of 3, 5, 7, 9, 11, 13 is
(@12 ()11 (c) 11.66 . (d)34
12. If the first and third quartiles of a data are 5, 10 then QD is
(a) 52 (b) 3 (c)2 _ (d)1
13. If the least and greatest values of a data are 5.95 then the coefficient of range is
(@109 (b) 9/10 (c) I/10 . (d) none
. 14 If standard deviation of a data is 3, mean is 20 then coefficient of variation is
(a) 156 T (b)3/20 - () 20/3 - (d) none
15. T
Classes 0-10 10-20 20-30 ;
Frequency | 5 14 6 mean 13
(2) 8.55 (b) 8 ©9 . (@10
16, Range of 1, 4, 90, 100, 4is
(a) 99 b)73 ()72 -~ (d11
17. The mean of a set of numbers is ‘—f’, if each number is increased by A, the mean of new
setis _ _
(@)X by X+ A (c) AX @r.
18.1fmean = (3 Md -~ Mode) X, then tne value X is
(@)l {2 ()% d)32
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- KEY
1.b 2.2 3.b d.c 5.a 6a 7.b  8a 9.b

10.a .d 12.a 13.1_) 14.a 15.a 16.a 17.b 18.¢
REGRESSION ANALYSIS

Regression is the estimation or prediction of unknown values of one variable from
known values of another variable.

Regression measures the nature and extent of correlation.

LINEAR REGRESSION

If two variables x and y are correlated i.e., there exists an association or relationship
between them, then the scatter diagram will be more or less concentrated round a curve. This
curve is called the curve of regression and the relationship is said to be expressed by means
of curvilinear regress-ion. In the partrcular case, when the curve is a strarght line, it is called
aline of regression and the regression is said to be linear.

~ Aline of regression is the stralght lme which gives the best fit in the least squares
sense to the given frequency. -

If the line of regression is so chosen that the sum of squares of deviation para.llel to
the axis of y is minimized [see Fig(A)], itis called the line of regressron of y on x and it gives
the best estimate of y for any given value of x.

- If the line of regression is so chosen that the sum of squares of deviation parallel to
the axis of x is minimized [see Fig(B)], it is called the line of regression of x on y and it gives
the best estimate of x for any given value of y.

Y Pi (x,

H(x; i)

Fig(A) Fig(B)

‘Simple Tegression establishes the relationship between two variables (one is
dependent and other is independent). But in multiple regression the number of variables is
more than two (one dependent and two or more independent).

In linear regression, the relationship between the variables is linear and is represented
bya strai ight line called as regression line.

-Ex(l): y=a+ bx is known as regression line of y on x.

Ex(2): x =a + a1y is known as regression line of x on y

Ex(3): Reciprocal curve y =1/ (a + bx).

This canbe transformed to simple linear regression equation, as follows if 1/y =z =y = 1/z
=1/z=1a+bx)=>z=a+bx '

are the. means of X’s and y’s:.
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CURVILINEAR {(OR) (NON ~LINEAR) REGRESSION

In this regression, the regression equation y = f(x) is non — lmear
Ex: polynomial, exponential, power, reciprocal functions.
" POLYNOMIAL REGRESSION

Lety=a+bx+cx*+..o...... +1kx™"! be.a polynomial in x of degree{m — 1)
And let (x;, ) ;i=1,2,......n bethe given setofn— observatlons _

Now, the constants a, b, c, ...k (‘m’cofistants) can be estimated with the help of ‘m
normal equations given by

Ty=na+bZx +cEx’+....... FkEx™

Ixy=aZx +bE* +e I + ..., +k X"

XMy = aZx™! + bEK™ + cZx™! + ... kB

CORRELATION

In some contexts the changes in one variable are related to the changes in the other
variable. This phenomenon is called correlation and such a data connecting the two variables
is called bivariate population. ,

Ex(1) : The yield of a crop varies with the-amount of rainfall. If an increase (or decrease) in
the values of one variable corresponds to an increase (or decrease) in the other, then that
correlation is said to be positive. If the increase (or decrease) in one variable corresponds to
the decrease (or increase) in the other, then that correlation is said.to-be negative. If there is
no relationship indicated between the two variables, then they are said to be independent or
uncorrelated. . ‘ ,

Ex(2) : The prlce ofa commodrty increases wﬂh the reductron inits supply

Scatter Diagram: To obtain a measure of relatronshrp :
between the two variables, we plot their corresponding
values on the graph taking one of the variables along
the X — axis and the other along the Y — axis. The resu-
lting diagram showmga collectron of dots is called L
a scatter diagram. L X
Let the origin be shifted to (x y) where X, y

Then the new co —ordinates are glven by
X=x-x . Y=y-

. . v
Now the points (X, Y) are distributed over the four quadrants of XY — plane. The product XY
is positive in the I and II quadrants but negative in the II and IV quadrants. The algebraic sum
-of the products can be taken as the trend of the dots in all the four quadrants. :
= () If XXY is positive, then the trend of the dots is through the first and third.
quadrants.
(i) If XY is negative, then the trend of the dots is in the second and fourth
. quadrants..
(iii) If £XY is zero, then the points indicate no trend i.e., the points are evenly
distributed over all the four quadrants.
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COEFFICIENT OF CORRELATION
The numerical measure of correlation is called the coefficient of correlation and is
defined by the relation r=YXY/noy oy - 1)
Where X=x-X Y=y-¥y
oy = Standard deviation of x’s
and  n=rumber of points

oy = Standard deviation of y's

r= _YXY - @
VEXPVEY?
LINES OF REGRESSION
The line of regression of y onxis _ y -y =r. (0,/05) (x-X)
and the line of regressionof x onyis Xx-X=r. (ox/oy) (¥ - )

1. (oy/oy) is called the regression co-efficient of y on x and is denoted by byx.
I . (ox/oy) is called the regression co-efficient of x on y and is denoted by byy.

Note:
If r= 0, the two lines of regression become y =y and.x =x which are two straight lines

parallel to X and Y axes respectively and passing through their means y and x. They are
mutually perpendicular. : . .

Ifr=+1, the two lines of regression will coincide.

PROPERTIES OF REGRESSION CO-EFFICIENTS

1. Correlation co-efficient is the geometric mean between the regression co-efficients.

2. If one of the regression co-efﬁc1ents is greater than unity, the other must be less than

- unity.
Arithmetic mean of regression co-efﬁcrents is greater than the correlation co-efficient.
Regression co-efficients are independent of the origin but not of scale.

5. The correlation co-efficient and the two regressron co-efﬁctents have same srgn

B

} ANGLE—BETWEEN TWO LINES OF REGRESSION —_—

If 6 is the acute angle between the two regression lines in the case of two variables x and y,
then . R

tand = 1-1 X where 1, Gy, 0y have their usual meanings.
Irl oh+ ézy -
Note: e

1. Whenr=0,6=7/2
The two lines of regression are perpendicular to each other.

2. Whenr=+l, tanf =0 so that, 6 =0 or 7.
Hence the lines of regression coincide and there is perfect correlation between the two

variables x and y.
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_ OBJECTIVES
1. Whlcli of tne following is a curvilinear regression :
a) straight line b)ax+by+cz+d=0 c)exponential function -d) none of these

2. The normal equations of the geometric curve y = ax®
a) (i) Zlog y =X log a+ b Tlog x b) (i) Ziogy=1loga+b Tlogx
(i) Xlog x log y = log a Zlog x+bX (logx)* (i)Y logxy =loga¥Tx + b Ziog X

)@ y=a+bx d) none of these
(ii) Txy = na + b¥yx?
3(a). If apolynomial y = ag+ajx +ap + ...... ...+ ax¥ is to be fitted fora glven data of
1’ observations, then the number of normal equations required are .......
a)k b) k+1 c)n+1 d)n

3(b). The first normal equatlon of the above Q No3 (a) is given by
a)y =nag+aXx+a,3x + ... + g Xx*
b) Xy =ag+a Zx + 2, 7%’ + ... + g Ix
O Zy=nag+aTx +a, x> +.... + 3 2x*
d)aoXy =Fap+a;Tx + a2 + ... + T xK

4. The normal equations of the reciprocal curvey= 1 are given by (ifz=1/y) ..........
A+Bx
a)y=2A +BXx, Yxy=AYx + BYx? b)z=YA+BEx, Yax = AZx+BZx
¢)z=YA+BYy, Yzy= AZy + BZyz . d)noneof these
5. The equation y = g+ ayx; + apxy + ........... + apxy indicates .............

a) simple linear regression
c) curvilinear multiple Tegression

b) simple nonlinear regression
d linear niultiple regression

6. The last normal equation of the curve y=a+bx+ cx +dx’ is given by
a) szy alC +bIC + I 4Nk’ b) Ex'y=aZx} +bExS + cFx + d5X
) Ix’y =aZx’ + bEx* + ch s deG d) none of these

7. The regressmn coeﬁic1ent of y a+bxis given by _ .
a)(roy) /oy b) (rcy) / ox ooy/ox d)ox/ oy

8. If the two regression- lines are known, then T
) A.M of the two regression coefficients  b) G.M of the two regressmn coefficients
¢) H.M of the two regression coefficients  d) product of the two regression coefficients

9a). If n =25, Ix = 125, 3x? = 650, Ty = 100, Ty = 460 and 2xy =508 and (8, 12); (6,8)
are considered as (6, 14); (8, 6) then change occurs in finding the correct value of r

a) XxP =636, 2xy =520
) Ty* =436, Txy = 520

b) Xy* =426, Txy = 520
) 5x? ='646, Ixy =510

9(b). From the data given above in Q. No 9(a) the correct value of  is given by ..
) 0.76 b) 0.56 c)0.77 d)0.67
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10. The equations-of regression of lines are y =0.5x +aand x = 0.4y + b, thenr=........

)02 - b)-0.2 c)-V02 - © o dvo2
11(a). If y = x+1 and x = 3y ~ 7 are the two lines of regression, theny = ......... s XK= eeieranne
a)3,2 b)2,3 c)-3,-2 - d)-2,-3
1 {b). In the above Q. No 11(a),r=........ : -
a)-\3 b) V3 V2 dy-\2
12.Ifx-x=b(y~y) thenb=........... _
a) (roy) / oy b) (roy) / ox ¢)oy/ ox d)ox/ oy
KEY
l.c 2.a 3(a). b 3(b). ¢ 4.b 5d . 6c 1b
8.b 9(a). ¢ 9(b). d 10.4d 11(a). a 11(b).b 12.a
PROBLEMS

L. If r =0, then the two lines of regression are .......... s

. 2. If the two regression co-efficients are 0.8 and 0.2, what would be the value of co-efficient -
“of correlation. :

3. The two regression equatlons of the variables x and y are x = 19.13.— 0, 87 andy=11.64 -
0.50x. Find (i) mean of x’s, (ii) mean of y’s and (iii) the con'elatlon co-efficient between
xandy. .

" 4. Two random variables have the regression lines with equations 3x + 2y =26 and
6x—+y=31. Find the mean values and the cerrelation coefficient betweenx and y.

5. Compute the co-efficientof correlation between x and y from the following data.

L [x T65 Je6 J67 |68 |69 |70 |71
1y {67 168 166 {69 |72 72 |69

KEY

1. paraliel to the axes 2.04 3.() 1579 (i) 3.74 (iii) -0.66

4.X=906,7=552;r=046  5.0.67
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~ PROBLEMS

1. The regression lines are 3x + 12y = 19 and 3y + 9x = 46.
(i) The value of correlation coefficient is (ii) Mean values-of x and y are

Ans: (i) r=0.0833 ()x =5;y =033

ACE Academy

_ 2. Find the correlation coefficient (r) if ox = 3,0, = 1.4, by =0.28

~-Ang: 1= 0.6 .
3. Find correlation coefficient (r) : -
X -1 0 3 ]
Y 1 2 3 2
Ans: r=0.8520 )

4.(X,Y)=(92,165) ; (ox oy)=(2.1,4.2)then two lines of regression are:
Ans: Y=168X+1.044 ;  X=042Y+227

5. Theregressmnlme yonxandxonyarey ax+bandx cy+ d

(i) Find x= and y=..
(ii) Correlation coefficient between x and yis
CAns:(){bc+d , ad+b (ii) Vac
T-ac 1-ac :

“6.Ina partially destroyed lziboratdry record, only the lines of regression of y on x and x on y

are available as 4x — 5y + 33 =0 and 20x - 9y = 107 respectively. Calculate x, y and the
coefficient of correlation between x and y. '

Ans: 13,17,0.6

7. While celculating correlation co —efficient between two variables X and y from 25 pairs of
observations, the following resulis were obtained. n = 25, £x = 125, Zx* = 650, Ty = 100,
Ty? =460, Txy = 125. Later it was discovered at the time of checking that the paths of
values : ~

X were copied downas  x
sTi- - ' 6 I i
618 8 6

Obtain the correct value of correlatlon co — efficient.
Ans: 2/3

8. Following tables gives the data on rainfall and dlscharge in a certain river. Obtain the line
of regression of y on x.

Rainfall 153" 1.78 2.60 295 342
x(inches)
Discharge IS R

|yaooocey| 23S | 63 | 400 | 488 4 533

Ans: y = 9.67x + 18.03
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RANK CORRELATION

Let there be n individuals having different characteristics. By considering two
particular characteristics A, B of the individuals, ranking is given in an order of merit. Now,
the correlation between these n — pairs of ranks is called rank correlation in the characteristics
A & B for that group of individuals.

Let x;. y; be the ranks of the i individual in A and B respectively. Assuming that no
two individuals are equal in either case and  each of the variables taking the rank value
1,23, ...... n.

. Letdi=x; - yi= (X X) - (yi— y) . R
= xl - yi : .

Rank corrclation coefficient is denoted by p.

p=1- 63d>
n(n2 -1)

- Note:.

1. This formula is called Spearmann’s formula for rank correlation -

2. 2d; = 2(xi - yi) = Zx; - Zy; = 0 always.

PROBLEMS

1. Ten participants in a contest are ranked by two judges as follows.

X 1 6 .15 10 |3 2 4 9 7 8
y 6 |4 |e---t8 (I (2 |3 i]10 |5 |
Calculate the rank correlation-ceefficient p.

Ans: 0.6 nearly

2. Calculate p from the following data showing ranks of 10 students in two subjects.

(98

[Maths |3 8 9 12 |7 10 |4 6 1

Physics |5 19 10 1 8 7 3 14 2 |6

Ans: 0.8545

Rl(,PEA’l ED RANKS

In this case we add the factor [m(m - 1)]/ 12 10 Zd2 where ‘m’ is the number of times
an item is repeated. And this correlation factor is to be added for each repeated value.
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PROBLEMS

1. Obtain the rank correlation co — efficient for the following data

Ix Te68 Tea 175 150 |64 [80 |75 |40 |55 |64
Ay |62 158 68 145 |81 [60 |68 |48 |50 |70

Ans: 0:5454 - y

2.A sample of 12 fathers and their eldest sons have the followmg data about their heights in
inches. Calculate p.

Fathers | 65 | 65 67 64 168 (62 |70 (66 |68 |67 [69 |71

Sons |68 |66 |68 165 |69 |66 |68 165 |77 |67 168 |70
Ans: 0722 '

PREVIOUS GATE _OUESTIONS - “PROBABILITY”

- The probability that two friends share the same birth-month is - (GATE’98)
a) 1/6 B2 oli4s d) 124

2. In a manufacturing plant, the probability of making a defective bolt'is 0.1. The mean and
standard deviation of defective bolts in a total of 900 bolts are respectively
a)90 and 9 b)9and 90 c)8land9 d) 9 and 81
(GATE - 2000)

. Manish has to tmvel fromAtoD changmg buses at stops B and C enroute. The maximum
waiting time at either stop can be 8 minutes each, but any time of waiting up to 8 minutes
is equally likely at both places. He can afford up to 13 minues of total ‘waiting time if he
is to arrive at D on time, What is the probability that Manish will arrive late at D?
(GATE’02)
a) 8/13 b) 13/64 ¢) 119/128 d)9/128

4. A box contains 10 screws 3of Wthh are defect:ve Two screws are drawn at random with
replacement. The probability that none of the two screws is defective will be
. (GATE03)
a) 100% o b) 50% ¢) 49% d) none of these

5. A hydraulic structure has four gates which operate independently. The probability of
failure of each gate is 0.2. Given that gate 1 has failed, the probability that both
gates 2 and 3 will fail is —_—
a) 0.240 b) 0.200 ¢) 0.040 d) 0.008 -
(GATE’04)

—

(%)

6. From a pack of regular playing cards, two cards are drawn at random. What is the
probability that both cards will be kings, if the first card is NOT replaced?
(GATE’04)
a) 1/26 b) 1/52 c) 1/169 d) 11221
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7. Aot has 0% defective items. Ten items are chosen randomly from this lot. The
probability that-exactly 2 of the chosen items are defective is (GATE’05)
(2)0:0036 (b) 6:1937 (c)0.2234 _(d)0.3874

PREVIOUS GATE QUESTIONS. - “STATISTICS”

8. Four arbitrary points (X1,y1), (X2,¥2), (X3,¥3), (Xa,Ys), are given in the xy — plane using the
method of least squares, if, regressing y upon x gives the fitted line y = ax + b; and
regressing x upon y gives the fitted line x =cy + d, then (GATE’99)

a) the two fitted lines must coincide (b) the two fitted lines need not comc1de
c) itis possible that ac =.0 (d) amust be 1/c :

9. A regression model is used to express a variable Y as a function of another vanable ). &
This implies that - (GATE’02)
a) there is a causal relatlonshxp between Y and X°
b) a value of X may be used to estimate a value of Y
¢) values of X exactly determiné values of Y
d) there is no causal relationship between Yand X

10. The following data about the flow of liquid was observed in a continuous chemical
process plant

Flowrate | 7.5 77 | 79 81 83 | 85
(litre_s/sec) to to to to " to . to
' 7.7 79 8.1 8.3 8.5 8.7
Frequency 1. 5. 35. 17 -] 12 10
Mean flow rate ofthe 11qu1d is o (GATE’04)
a) 8.00 litres/sec = b) 8.06 litres/sec ¢).8.16 litres/sec . d) 8.26 litres/sec
- KEY o
Lb 2a 3  4d 5¢c 6d 7b 8b 9b 10c

ACE Acédemz PROBABILITY & STATISTICS 85
E e e L A

01.

02.
_ atelephone conversation follows the -

03.

04.

PREVIOUS GATE QUESTIONS

The life of a bulb {in hours) is a
random variable with an exponential

distribution f(t) = ae™™ |0 <t < .
The probability that its value lies biw
100 and 200 hours is

PI-2005-2M
(a) e—lOOU. _6—2000.
(b) ¢=100 _ =200
e—200a
e—-lOOa

(C) e-’l 00(1 +
(d) e—2000. _
Assume that the duration in minutes of

exponential distribution
f(x):% eX/5 , X 2 0. The probability

“that the conversation will exceed five

minutes is
IN -2007 -2M
.'(a)é b 1-2
© @1-—
If the. standard deviati(-)n of the spo}

speed of vehicles in a highway is 8.8
kmph- and the mean speed of the
vehicles is 33 kmph, the coefficient of
variation in speed is :
CE -2007 -2M

(@) 0.1517 (b) 0.1867
() 0.2666 (d) 0.3646

Let X and Y be two independent
random variables. Which one of the
relations b/w expectation (E), variance
(V) and covariance (C,y) given below

isFALSE?  ME-2007-2M
(a) E(XY) = E(X) E(Y)
() Cor X, Y)=0

{(©) Vi (XtY) = ValX) + Vu(Y) -

@ E(XZYZ) EX) EW)Y

05.

06.

Two cards are drawn at random in
succession with replacement from a
deck -of 52 well shuffled cards
Probability of getting both ‘Aces’ is

PI 2007 - 1M
1
(@) 169 (b) @
1 ’
{©) 3 (d ﬁ

The random variable X taken on the
values 1, 2 (or) 3 with probabilities
2+5P_1+3P 1.5+2P—
RS and ; respectively
The values of P and E(X) are
respectively

PI-2007-2M
(@) 0.05,1.87  (b) 1.90, 5.87
(©)0.05,1.10 (d)0.25,1.40

07.If X is a continuous random variable

08.

whose probability density function is
given by
fx) = k(5x—2x2), 0<x<2

0 , otherwise
ThenP(x > 1) is

PI—2007-2M
(2) 3/14 (b)4/5
(c) 14117 (d 17128

If E denotes expectation, the variance

ofa random variable X is given by
EC- 2007- M

@ E(X ) EX)

(b) E(X ) +EX(X)

©) ESX )

DEX

09. An examination consists of two papers,

paper 1 and paper 2. The probability
of failing in paper 1 is 0.3 and that-in-
paper 2 is 0.2. Given that a student has
failed in paper 2, the probability of
failing in paper 1 is 0.6. The
probability of a student. failing in both

the papers is EC-2007-2M
@) 0.5 (0)0.18 g
@012 (0086
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10.

11.

12.

13.

14

15.
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X is uniformly distributed random
variable that take values between
0 and 1. The value of E(X>) will be

EE - 2008 - IM
(2)0 (b) 1/8
(©) 1/4 @12

A random variable is uniformly
distributed over the interval 2 to 10. Its
variance will be IN-2008-2M
(a) 16/3 (b)6

(c) 256/9 (d) 36 e

Consider a Gaussian distributed
random variable with zero mean and
standard deviation o. The value of its -
cumulative distribution function at the

origin will be IN-2008-2M
(2)0 (b) 0.5

()1 d)10c

Px(x) = Me™™ + NeM is the

probability density function for the real
random variable X, over the entire
x-axis M and N are both positive real
numbers. The equation relating M and

Nis EC-2008-2M
(a) M+§N:1 (b) 2M+%N=1 :
(c) M+ N=1 (d) M+ N=3

A coin is tossed 4 times. What is the
probability of getting heads exactly 3
times? ME-2008-1M
(a) 1/4 (b)3/8

(©) 172 (d) %

For a random variable x(-o <x <)

following normal distribution, the

mean is p = 100. If the probability is

P = o for x 2110. then the probability

of x lying b/w 90 and 110 i.e.

P(90 < x £110) will be equal to

' PI-2008-1M
®b)l1-a

—(d)2a

(@)1 -2a
©1-02

16.

- gameis _._ - .

In a game, two players X and Y toss a
coin alternately. Whosever gets a
‘head’ first, wins the game and the
game is terminated. Assuming that
player X starts the game the
probability of player X winning the
L PI1-2008-2M

-(b) 13
@)%

(2)1/3
(0)2/3

17. The standard no,.rmal probal.).ility.' B

Flxy) =

function can be approximated as
1

1+exp(—1.7255xN Ierm)

where xy = standard normal deviate. If
mean and standard deviation of annual
precipitation are 102 cm and 27 cm
respectively, the probability that the
annual precipitation will be b/Aw 90 cm

and 102 cm is CE-2009-2M
 @667%-  (©)500%
(©)333% d)167%

18.

19.

A fair coin is tossed 10 times. What is

the protability that only the first two
tosses will yield heads? EC-2009-1M

2 1Y '

o o)

1 10; _ l 10 
off e

Consider two independent random .
variables X and Y with identical

" distributions. The variables X and Y

take values 0, 1 and 2 with
probabilities ¥z, /4 and % respectively.
What is the conditional probability

T PXAY =2/X - Y =0)?

EC-2009-2M

by 116
@1

@0
©) 1/6

ACE Academy

21.

value from 1 to 5 with probabilities as
shown in the table. A student
calculates the mean of X as 3.5 and her
teacher calculates the variance to X as
1.5. Which of the following statements
is true? _

k 11 12 |3 |4 |5
P(X=k)|0.1{02{04]02]0.1

EC-20092M

(a) Both the student and the teacher are
right

(b) Both the student and the teacher are
wrong

(c) The student is wrong but the
teacheris right

(d) The student is right but the teacher
is wrong

A screening test is carried out to detect.
a certain disease. It is found that-12%
of the positive reports and 15% of the
negative reports are incorrect.
Assuming that the probability ofa
person getting a positive report is 0.01,
the probability that a person tested gets
an incorrect report is

IN-2009-2M
(a) 0.0027 (b) 0.0173
(c) 0.1497 (d)0.2100

22. If three coins are tossed

simultaneously, the probability of
getting at least one head is

ME-2009-1M
(2)1/8 (b)3/8
(©) % (d) 778

23. The standard deviation of a uniformly

distributed random variable b/w 0 and

lis "ME-2009-2M
1 1
@ \/_1_5_ (b) 5
5 7
= ) —
© "7l Sy

24

25.
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20. A discrete random variable X takes

Assume for simplicity-that N people,
all born in April ( a month of 30 days)
are collected a room, consider the
event of at least two people in the
room being born on the same date of
the month even if in different years
€.2.1980 and 1985. What is the
smallest N so that the probability of
this event exceeds 0.5 is? g
EE-2009-2M
)7
(d) 16

(2) 20
©15

A box contains 4 white balls and 3 red
balls. In succession, two balls are
randomly selected and removed from
the box. Given that first removed ball
is white, the probability that the 2"% -
removed ball isred is

_ EE-2010-2M
@173 5)3/7 .
©% (dy4/7

26.

217.

28.

A fair coin is tossed independently
four times. The probability of the event
“The number of times heads show up -
is more than the number of times tails

show up” is EC-2010-2M
(a) 1/16 (b) 1/8
{c) 1/4 (d)s/16

What is the probability that a divisor of
10” is a multiple of 10°%?

_ - ' (CS-2010-2M
(a) 1/625 (b) 4/625 -
(c) 12/625 (d) 16/625

The diameters of 10,000 ball bearings
were measured the mean diameter and
standard deviation were found to be
10 mm and 0.05 mm respectively.
Assuming Gaussian distribution of
measurements, it can be expected that
the number of measurements more
than 10.15 mm wiil be -

IN-2010-1M
() 115 ’
{d)2

(2) 230
(c) 1_5
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29. Consider a company that assembles 33. Two white and two black balls, kept in

computers. The probability of a faulty

-assembly of any computer is p. The

company therefore subjects each
computer (o a testing process. This
testing process gives the correct result

~forany computer with a  probability of

q. What is the probability of a
computer being declared faulty?

. . . €s20102M
@pq+(1-pd-q  ®1A-9p
©-pq ) pq

30. A box contains 2 washers, 3 nuts and 4

bolts. Items are drawn from the box at
random one at a time without
replacement. The probability of
drawing 2 washers first followed by 3

. nuts and subsequently the 4 bolts is

31

ME-2010-2M
(a) 2315 (b) 1/630
() 1/1260 (d) 1/2520

Two coins are simultaneously tossed.

The probability of two heads

simultaneously appearing is
CE-2010-1M

@18 ()i

©) % @Y%

32. If a random variable X satisfies the

poission’s distribution with a mean

" value of 2-then the probability that

X22is PL-2010-1M
(a) 2¢* (b) 1-2¢
(©3? . d)1-3¢?

two bins, are arranged in four ways as
shown below. In each arrangement, a
bin has to be chosen randomly and
only one ball needs to be picked
randomly fron the chosen bin. Which
one of the following arrangements has
the highest probability for getting a

white ball picked?
P1-2010-2M
(a)
O e O e
()
00 L 0@ |
(©)
O cee
(d) :
@ oe
KEY:

-0l.a 02.a 03.¢c
04.d ;05‘ a 06. a
07.d 08.a 09. ¢
10.c il.a 12.b
i3.a 14.b 15.a
16. ¢ 17.d 18.a
19.b 20.b 2l.¢
22.b "23.a 24.b
25.¢ 26.d 27.a
28.d 29.a 30.c
3l.c 32.d 33.¢

ToPIC-5 DIFFERENTIAL EQUATIONS

DIFFERENTIAL EQUATIONS OF FIRST ORDER
» A differential cquation is an cquation which involves ditferential coefficients-or
differentials.
Ex:i)e*dx+¢ dy=0 i) (x /dd) + n’x = 0
iii) {1 + (dy/dx) ]3/2 /(d*y/dx?)=c iv) x (Owox) +y (du/ dy)=2u
W@yl o= @y/oxd)  areall e‘(amples of differential equations.

» An ordinary differential equatlon is that in which all the differential coefficients have
reférence to a single independent variable. ..

» A partial differential equation is that in which there are two or more indcpendent
variables and partial ditferential coefficients with respect-to any of them.

» The order of a differential equation is the order of the highest derivative appearing in it.

» The degree of a differential equation is the degree of the highest derivative occurring in
it, after the equation has becn cxpressed in a form free ﬁom radicals and fractions as far
as the derivatives are concerned. -

PRACTICAL APPROACH TO- DIFFERENTIAL EQUATIONS:

_ The study of a differential equation consists of three phases:.

> Formulation of differential equation from the given physical situation, called modelling
Solutions of this differential equatlon evaluating the arbltrary constants from the given
conditions, and

Physical 1nterpretaf10n of the solution.

v/

\%

FORMATION OF A DIFFERENTIAL EQUATION

An ordinary differential equation is formed in an attempt te-eliminate certain arbitrary.
constant from a relation in the variables and constants.

Ex: Form the dlfferentlal equation of simple harmonic motion given by x = A cos(nt + ct).
Ans: (0% /dt}) +n*x =0 —

Ex: Obtain the differential equatlon of all circles of radius a and centre (h, k)
Ans: [1 + (dy/dx)’P = 2% (dy/dx’)

Solution Of a Differential Equation:

» A solution (or integral) of a differential equation is a relation between the variables
which satisfies the given differential equation.

> The general (or complete) solution of a differential equation is that in which the numbcr
of arbitrary constants is equal to the order of the differential equation.

> A particular solution is that which can be obtained from the general solution by giving-
particular values to the arbitrary constants.
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SOLUTION OF FIRST ORDER AND FIRST DEGREE DIFFERENTIAL
EQUATIONS
Mcthod - I (Variables — Separable) : 1f in an equation it is possible to collect all functions
of x and dx on one side and all the functions of y and dy on the other side, then the variables
are said to be separable. Thus the general form of such an equation is f(y) dy = ¢(x) dx
lmegratmg bo1h sides, we get [ f(y) dy =] §(x) dx + ¢ as its solution.

NOTE : An equation of the form (dy/dx) = f{ax+by+c) can be reduced to variable separable

form by substitutingax +by+c=z.

Method —II (Ilomogeneous Equatrorré) : The differential equation is of the form
(dy/dx) = [f(x, ) / ¢(x, )] .
Where f(x, y) and ¢(x, y) are homogeneous functions of the same degree in x and y.

To solve a homogeneous equation i) Put y = vx, then
(dy/dx) = v + x (dv/dx),
ii) Separate the variables v and x, and integrate.

Method —III (E_quatione Reducible to Homogencous Form) :

The equations of the form dy _ ax+b¥+c o — )
dx. ax+tby+te

can be reduced to the homogeneous form as follows:

Case(i): When (a/a') = (b/b")

Puttingx=X+h,y=Y+k (hk bemg ‘constants) :
Where h = ch_';h'.c_ kK = _ea_;cl& (when ab' - ba' ()

ab' -b'a ab! —ba'
Casef(ii): When (a/a"y = (b/b")
Let (a') = (b)) = (/m) (say)
Then a' =am, b'=bm
And (1) becomes -

dy _ _(ax+by)+¢

dx m(ax + by) +¢
Put ax + by =t and solve by variable separable method

Method — IV (Linear Equation) : A differential equation is said to be linear if the dependent
variable and its differential coefficients occur only in the first degree and not multiplied
together.

The standard form of a linear equation of the. first order commonly known as-

Leibnitz’s linear equation, is
(dy/dx) +Py= Q where P, Q are the functions of X.

dex

and ye"™=[Q e“’ ™ dx + ¢ i the required solution..’

Note: It is important to remember that L F € fpdx

“And the solutionis  y(I. =] Q(IF)dx+. c.

integrating factors of the equatlon de + Ndy 0 are as follows
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Method - V (Bernoulli’s Equation) :

The equation (dy/dx) + Py = Qy" - ()
Where P, Q are functions of x, is reducible to the Leibnitz’s finear equation and is usually
called the Bcmoulli’s equation.

To solve (1), divide both sides by y", so that

. Y'dyldx) +Py'""=Q -~ (2
Puty ™=

Then (2) becomes {I /(1 —n)] (dz/dx) +Pz=Q (or) (dz/dx) +P(l —n)z = Q(1 <n)
Which is Leibnitz’s linear in z and can be solved easily.

NOTE : An equation of the form f"(y) (dy/dx) '+.f(y) P(x) = Q(x) is thc another form of
Bernoulli’s differential equation. And ‘this euation can be reduced to linear differential
equation by substituting f(y) = Z.

Method - VI (Exaet Differential Lquatlons)

> Def: A dlfferentlal equation of the form M(x, y) dx + N(‘{ V) dy 0 is said to be exact if -
its left hand member is the exact differential of some function u(x, y)
ie,du= de + Ndy = 0. Its solution, therefore, is u(x, y) =c.,

» Theorem: The necessary and sufficient condition for the differential equation Mdx + Ndy
=0 to be exact is
M _ N
. oy ox
. The solution of Mdx + Ndy =0 is
fM dx +f (Terms of N not containing x) dy =¢
(Treating y as constant) '

Method - VII (Equations Rcducible‘To Exact Equatio’ns): '
Sometimes a differential equation which is not exact, can be made so on
multiplication by a suitable factor ‘called an . integrating factor.- The rules for finding

Rule - I (LF found by lnspcctlon) I a number of cases, the integrating factor can be found——
after regrouping the terms of the equation and recognizing each group as being a part of an

" extact differential. In this connection the following integrable combinations piove quite

useful:
xdy + ydx = d(xy) S
xdy-ydx = d(y/x); xdy —ydx = d[log(y/x)]

X Xy . .. _
xdy —ydx = -d(x/y) ; xd%—ydx = d[tan’(y/x)]
y X +y
xdy —ydx = d{(1/2) log{x +y
e~ 0med)

Rule — II (LF of a homogeneous equation): If Mdx + Ndy = 0 be a homogencous equation
in x and y, then I / (Mx + Ny) s an integrating factor (Mx + Ny #0).
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Rule —HI{L.Ffor an equation of the type fi(xy) ydx + fz(xy) xdy =0):
{f the equation Mdx + Ndy = 0 be of this form, then 1 / (Mx — Ny) is an integrating factor
{Mx - Ny = 0).

Rule — IV (In the equation Mdx + Ndy = 0):

I Wiy e e ds ¢

be a function of x only = f(x) say, then ¢ is an integrating

factor.

‘Rule — V(In the equation Mdx + Ndy = 0): )
If @L@L{;@ be a function of y only = F(v) say, then eFO i an integrating

factor.
PROBLEMS

0L.x (dy/dx) +coty =0 if y = n/4 whenx=V2. Ans: X = 2cosy.

02. (x+ 1) (dy/dx) + } = 2¢” Ans: (x+1)(2-¢)=c¢

03. (dy/dx) = cos x+y+1) Ans:x = cosec (x +y+1)-cot (x +y+1)+c

04 x* (dy/dx)‘+ X’y + cosec (xy) = 0 Ans: cos (xy) + 1/2x* =c

05.y* +x* (dy/dx) = xy (dy/dx) Ans:y/x-logy=c
06. xylog (x/y)dx + Va —xZ log (x/y)] dy=0  Ans:logy—x* [7- IOgEq - IJ =c
4y X

07.dy + ax+hy+g =0 . Ans: ax’ + 2hxy +by? +2gx + 2fy + ¢ = 0.
dx hx+by+f o - :

08. (4x—6y—l)fdx +(By—-2x-2)dy=0 Ans: x—y+(3/4)log (8x - 12y -5)=c¢

09. (x+2y) (dx —dy) = dx +dy Ans: log (x +y+13)+(312) (y-%)=c
10. (dy/dx) + y cotx =4x cosec X,
" Given that y =0, whenx = 7/2 Ans:ysinx=2x>-n’ /2

Il.dy ={x+y cosx} Ans: y(1 +sinx)=c—-x*/2

dx 1+sinx
12.yedx = (v +2xe’) dy Ans:xy 2 =c-¢”
13.ylogydx + (x~logy)dy=0 Ans:x = Y% logy + c(log y)”
14.75in 9 d0 + (* - 2% cos 0 + cos 0) dr =0 Ans: r(1 +ce"2)=2cose

15.rsin0 - cosD (dr/d0) = P Ans: 1/r=sin®+ccos 6

33 (y*+ 2y) dx + (xy* + 2y* —4xydy=0

35, (x*e* - 2mxy?)dx + 2mx’y dy = 0
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16.2xy'= 10y’ +y Ans: X* + (4x° +o)y* =0

12

2
17. Cy? +xy) dx = dy Ans: lly=-x"+2+¢

18.d_y=M Ans":y2=x2-cx—1
dx 2xy

19 x(x —y) dy + y2 dx = 0 Ans:y/x = logy +¢

20. tan y[_d_ﬂ + tan X = cos y cos” X Ans: cos y = cos x (sin x +¢)
d S
2l.dy = Ans: Jx =2y (log y +¢)
dx  x+V(xy). ’ ; i

25. (¢ +y —a)xdx+ (@ -y b ydy=0.  Ans:x*+23y2 -y~ 2~ 2y =c

Ans:_)_(_5 - )(2y2 + xy4 +cosy = ¢
5

Ans:e¥+y'=c¢

26. (x* — 2xy? + y") dx - (2x%y —'4)(y3 +siny)dy =0
27. 'ye".ydx- +(xe¥ +2y)dy=0

28. ysin 2x dx;(l +y* +cos’x)dy =0 Ans: 3y cos 2x + 6y +2y° =¢
29. (secxtanx tan y — ") dx +sec x sec? ydy=0 Ans: e* =secxtany+c

30.[y(1-.Fl/x)+cosy]dx+(x+logx—xsiny)dy=0 Ans:y (x +logx) +xcosy = ¢

3ldy =X +y Ans: 3 log x — (y/x)° ='¢
- dx xy2

32. (Y +xy + Dydx + %y —xy+ xdy = 0 Ans: xy+ log (x/y) - (1/xy)=c¢
Ans: (y+2/y2)x+'y2.;——c :

34. 3xy - 2ay?) dx + (x* - 2axm Ans: xX(ay’—xy) = ¢
Ans: e* + m(y/x)? = ¢

3 .
36. ydx —xdy + 3yt dx=0 ‘Ans: (x/y) + e"3 =c
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HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS

Linear differential cquations are those in which the dependent variable and its
derivatives occur only in the first degree and are not’ multiplied together. Thus the general
linear differential equation of the n"® order is of the form

112

:y+p|d—“¥ Py F e +py =X,
where py, P2, -ooeeneee Pn and X are functions of x only.
Linear differential equations with constant co -- efficients are of the form
d" - "y -
dy kl——q'-ikzd—}z e +ky =X
where ki, ka, .......... k, are constants.

Denoting d/dx, d*/dx?, d*/dx®, etc. by D, D?, D? etc. so that
dy/dx =Dy, d*yidx’*=D?, d’x/dx’ =Dy etc, the equation above can be

written in the symbolic form
O"+kD"' +....... +ko)y = X, i.e, D)y = X,
where (D)= D"+ kD" + ..._... +ky, is a polynomial in D.

Thus the symbol D stands for the operation of differentiation and can be treated much
the same as an algebraic quantity i.e, f(D) can be factorlsed by ordinary rules of algebra and
the factors may be taken in any order.

Working Procedurc To Solve The Equatlon
dxy ki d_n¥ ks —x)ﬁ et ky =X,

of which the symbolic formis - B -

D"+ kD™ + ... +kuD+k)y=X
Step 1: To find the complementary function :
i) Write the A.E ‘ -
D" +kD" 4 ........ + kn.lD +k, =0 and solve it for D.

ii) Write the C.F as follows:

Roots of A.E . CF

cre™ + e e ..

1.my, mp,m;....... (real and different roots)

2.m), mp, M ....... (two real and equal roots) {c1+ex)e™ Free™ T

3. my, my, my, my ...(three real and equal roots) (c1 + cax + caxP)e™ 4 cye™ s o,

4. a+iP, a - if, ms...(a pair of imaginary rootsy| €™(cicosPx -+ ¢z sinPx) -+ c;e™3* +

5. a tiB, o i, ms ...(two pairs of equal e™[(c; + cpx) cosPx + (c3 + c4%) sinPx +
imaginary roots) Cs€ s ...

6. o+ VB, o - VB, my (a pair of irrational roots) | e* (c.cosh‘/Bx + ¢y sinhVBx) + ce™s* +
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Step 11 : To find the particular integral

From symbolic form P. I = I
D"+ len-l Foenn + kD + kg
X = [I/AD)IX or [1/§(DV)]X
i) When X = ™
P.1=[I/f(D)] ¢*, putD =4, [f(a) # 0]

PI—[x/f’(D)]e ,putD=a,
P.I =[x (D)) e™, putD=a,

{f(a)=0 & £(a) = 0]
[f'@)=0&f’(a)=0]and Soon.....

il) When X = sxn(ax +b) or cos(ax + b)
P. 1= [1/¢(D*)] sin(ax + b) [or cos(ax + b)], put D? = -a” [¢(-a%) = 0]
P. 1= [1/§"(D*)] sin(ax + b) [or cos(ax + b)], put D*=-a>  [§(-a2) =0 & §’(-a® ) # 0]
P I= [(}/¢”(D2)] sinax +b) [or cos(ax +b)}, put D*=-a?  [¢’(-a%) = 0 & ¢**(-a’ ) 0]
anasoon.......

- iii) When X =x™, m bemg a posmve mteger (or)ag +aix + X+ agx™ (am= 0)

PI= [1/f(D)] X" = [f(D)]
To evaluate it, expand [fO)]" in ascending powers of D by Binomial theorem as far as D"
and operate on x™ term by term.

iv) When X = ™V, where V is a function of x i.e sin(bx-+c) or cos(bx+c) or x™

P.1=[1/fD)] e™V =™ [1/fD+a)] V
And then evaluate [1/f(D+a)]V as in (i), (ii) and (iii)
v) When X is any function of x
P.I=[1/f(D)]X
Resolve [1/f(D)] into partial fractions and operate each partial fraction on X by usmg
[l/(D )X =™ X ™ dx

Step II1: To find the complete solution
. Thenthe CS.isy=C.F+P.I

) METHOD OF VARIATION OF PARAMETERS

This method is quxte general and apphes to equations of the form.
y +py' +qy=X
Where p, q and X are functions of x. It glvesP 1=-y1 ] (:X/ W) dx +yzf(y|X/W)dx
Where y; and y; are the solutions of y*! + py +qy=0
And W= yll y21 is cailed the Wronskian of yy, y,.
n oy

EQUATIONS REDUCIBLE TO LINEAR EQUATIONS WITH CONSTANT
i} CO-EFFICIENTS
> Cauchy ] homogeneous linear equation: An equation of the form
X" (dy/dx") + kx"! (@™ ydx" )+ kax(dy/dx) + Ry =X
Where X is a function of x, is called Cauchy’s homogeneous linear equation.
Such equanons <can be reduced to linear differential equations with constant coefﬁcmnts by
puttmg
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’ x=¢ or t= {ogx. and D =d/dt :
Then x (dy/dx) =Dy, x*(d’y/dx*) = D(D 1)y. Slmllarly, X (d3y/dx )=DO-1)D - 2)y
and so on.

» Legendre’s Linear Equation:

Amn-equation of the form

(ax + b)" (d"y/dx") + ki (ax + b)* T (d"y / dx™) + . atky=X

“‘Where k’s are constants and X is a function of x, is called Legendre S lmear equation,

Such equations can be reduced to linear equations with constant coefficients by the
substitution ax +b=¢', i.e., t = log(ax + b) and D =d/dt

Then (ax +b) dy/dx = aDy, (ax + b) (dy/dx®) =a* DD - 1)y
Similarly (ax +b)’ (P’y/dx®) =2’ D(D - 1) (D 2)y and so on. '

PROBLEMS
38.d% + 3a dx -4a’x=0 Ans: x = cje” ¥ + ¢ e
e dt - :
39. ;f" ~2y'+10y=0,y(0)=4,y (0)=1 Ans: y= e"'( 4 cos 3x —sin 3x)
403_!+y 0 Ansiy=cie* + &2 E:zcé)si’&_-Fc; sini;_x_
X 2

41.d% + 8 gfy + 16y =0 Ans: y='(c]+c2x) cos 2x+(c;+04 x)-sin 2x

& d¥ 7
42 Solve  dly+ a‘y =0 Ans: e/ [Cicos (ax /\2) + Cysin(ax/V2)] +
dx’* ¢™/"% [Cycos (ax/V2)+ Cqsin(ax/2)]
43.-d%y + 4 dy +5y = -2 coshx. Also find y'wheny.=0;jy= 1 atx=0
& d dx '
Ans:y=3 ™ (cosx +3sin x)— e — ¥ . s ;j’"
5 o0 2 el

'44.d_y + 3 dy +2y = 4 cos’ x. Ans.y*‘cle +cze2" +1 (3iir_1_'2x—-co's'2x)+l i
dx* dx 10

45. (D" - 4D +3) y—sm 3x cos 2x.

Anms:y= ce* + ™ + 1 (10cosSx-llsm5x)+l (sin x +2 cos x)
884 20
46. d_y+2_y + y= e®—cos’ x. Ans: y= (c1+czx)e
X dx

-1+1 (-4sin 2x +3coslx)+ e
250 9 .

47.(D* ~D) y=2x + 1+ 4 eos x + 2¢* Ans:y=c¢; +czex+ cze™ +xe — (x* +x) -2 sinx.

4_8,-d2 +5 dy + 6y =e *sin2x Ans: y= e X +ee™ - & (cos2x+2sin2x)
i dx s

]

50.(D*+4D +3)y=e™sinx +x
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49.(D*+4)y=¢" sin’x.

Ans: y=c| cos 2x + ¢ sin 2x + i"[_l_—l_(4 sin 2x +cos2x)J
215 17

A

Ans: y=ce* + e -1 e* (2cosx+smx) + l(x 4/3)
3

5

SI.i% +2y =x% + " cos 2x

&

Ans:y=c, cos V2x +cysinV2x +e* E{Z

—12 x + @_J+_ei (4 sin 2x —cos 2x)
11

1 121 17

52. d_y+4y X sin x.
dx*

Ans:y=cjcos2x + czsin2x + 1 (3xsinx — 2 cosx)
9 .

53. %= 1) y=xsinx+(l +x) &

Ans: y=cie" + czé'x ~Y(xsinx + cosx) + (xe*/12)(2x> - 3x +9)

54, (D2+a2)y=tanax.
Ans: y=c; cosax +¢; sinax —_1_ (cos ax) [log (sec gk + tan ax)]
a

55. % g{; - 2x dy - 4y =x* Ans:y=c; x* +c;x+ x* logx
e & o 5 .

56.%* dy~3x dy +4y = (1+x)® Ans:y=(c; + ¢ log x) x? +(1/4)+2x H1/2)x* (log x)?

& dx
57.d% +1 dy = 12I0gx . Ans:y=2(lo‘,g,x)3 +cilogx+c;
& x dx x? ’ '

58.x i;- 2x dy ~4y =% +210gx Ans:y= c1'+czx4—_xz_—i_(}0.gx+3l8)
dx dx E3 6 2 : :
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9.6 Py + 20 Ly +2y = 10[x+ 1]
&%L dx? X

Ans: y=c;x" + {c; cos (log x) + c3 sin (log x)}x + 5x + 2 (log x)/x

60. x* _df)zL + x dy + y =logx sin (log x)
dx dx

Ans: y = {c| cos (log x) + ¢ sin (log x)} +_1 (log x) [sin (log x) - log x cos (log x)}
4

61.(1+x)’d%y + (1+x) dy + y=4 cos log (1+x)
dx® dx

Ans:y=cjcost+c;sint + 2t sint, wheret=log (1 +x) -

62. (3x +2)° dz_y_+3(3x+2)_l 36y =3x° +4x+1
dx dx

Ans:y=c, 3x+2) +c (3x+2)2 + 1 [(3x+2) log (3x +3)]
- 108 -

PARTIAL DIFFERENTIAL EQUATIONS

Definition: A Partial Differential Equation is that in which there are two or more mdependent
variables and partial derivatives with respect to any of them.

Order And Degree The order of a pamal differential equatron is the order’ of the highest

derivative occurring in it and the degree of a partial differential equation is the degree of the -

highest derivative appearing in it.
Ex(1):x du +y du =nu isafirst order and first degree partral drfferentlal

. X 8y : equation.
ExQ2): Pf +&f + &f =0 is a second order and first degree partial differential
oy 622 S - i . tquation.
Ex(3):[ ] +lT =0 of order 1 and degree 3
ox o

Standard Notation: We consider x, y as independent variables and z as dependent variable.
p=0z/dx , q=02dy , r=&FUX, s=Udxdy , t=0UdY

Formation of Partial Differential Equations: Partial differentizl equations can be formed™

by eliminating the arbitrary constants (or) some specific functions.

Elimination of arbitrary constants: In this process we can observe the following.
1. If the number of arbitrary constants is equal to the number of rndependent
variables, then we obtain a first order partial differential equation.
2. If the number of arbitrary constants is more than the number of independent
variables, then we obtain a higher order partial differential equation.
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PROBLEMS '
Ans:xp+yq=2z
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=x} + ¥ b
1.2z ‘T:Z' )’7 (a: )
2. (P+a)(y+b)=z (a,b) Ans: pq = 4xyz

3.(x-a) +(y-b}=2Cofa  (ab) Ans: p? + ¢* = Tan’o,

4.z=xy+y(\/x2—a2 H b (a,b) Ans: px+qy=pq B
5K+ y+z =1 (a,b,c) Ans:zs+pq=0
2@ B

Elimination of arbitrary functions: In this case order of the partial differential equation is
same as the number of arbitrary functions. .

PROBLEMS_
1.z=f()r2~y2) | Ans:xq+yp=0
2.z=(x+y)$x’~y) ; _ Ans:xq+yp=z
3.xyz=flx+y+2) o v v Ans:x(y z)p+y(z X)q = z(x y)
4.‘z=y2+2f(1/x+log y) v, - Ans: px +-.qy=2yz
5. f(x2+y2,z—xy)=0 | Ans: xq——py=vx2—y2 '
6.z=xfix+y) +Hx+y) v Ans:r—2§+i=_0
7.z=y fix) + x g(y) o Ans1px,+qy=xly5+z

SOLUTION OF FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

Linear partlal dlfferentral equation: A partral drfferentlal equatron is said to be lmear if the
dependent variable and its differential co-efficients occur in first degree only but not
multiplied together.
The general form of a linear partial differential equatlon of the first order is givenby
Pp+Qq=R - ().
Where P, Q, R are functions of x, ¥, z. It is also called Lagrange’s linear equatron

Solution Procedure: :
1. Wrrte the Lagrange’s auxrllary equations or subsrdrary -equations of- (1) as follows:

& = dy = &z — @
P Q R
- 2. Solve any two simultaneous equations of (2). Let the solutlons beu (%Y, z) Cl and
vix,y,2)=C -

3. The co‘mplete solution of (1) is given by ¢ (u,v)=0 -~ (3) or V=¥ () — (@)
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M
-PROBLEMS '

. NON -LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER

I yzp —xzq = xy Ans: {0+, x* - 2 1=0 Definition: The equations in which the degrees of p and q are higher than ore are called non
— linear partial differential equations of the first order. To solve such €quations follow the

2.p—q=loglx+y) - Ans: §[x +y, x — z /log(x+y)] = 0 types given below.

3. 2(22 +Xy)px —qy) = x* i Ans: f(xy, XA nyzz) =0 “Type-I: Equation_g@ﬁ!@jﬁs Ds q only. - .

4.p sinx +q cosy = Tanz Let the given partial differential equation be f(p, ) =0 — (1)

Ans: ¢ Cosecx—Cotx , Sec y+ Tany| = 0 ' Then complete solution is given by z=ax + by + ¢ - (2
Secy+Tany Sin z ‘Where f(a,b)=0 . =" (3). . '

From (2) 0z/&x=p=a and dz/dy=q=b
.. From (3) equation (1) is satisfied.
From (3) we can write b = ¢(a)

N LANGRANGE’S METHOD OF MULTIPLIERS
Con51der the partial differential equation Pp+ Qq=R - (1) then auxillary

. equatnons aregivenby dx =dy = dz - - Q). ~. Complete solution of (1) is given by z =ax + ¢(a)y + ¢ where a, ¢ are arbitrary constants.
_Now choose the multipliers Py, Q;, R, and PROBLEMS
.:-R.z?Qz_, Ryin such a way that 1. pz_ +q2 =npq Ans:z=ax+(ay/2)[ n* \I(nz —-§J+c
cachratio= Py dx+Qidy+Ridz = P,dx+Q,dy+Rydz E B
- PIP+QiQ+RiR PP+ Q;Q +RyR 3 2.5+ =2 . Ans:logz=alogx + (V1 —ad)logy +¢
and denominators vanish. . . '
= Pidx+ Qudy + Rydz=0 ' . 3.vp+Vg=1 ) Ans:z=ax+(1-Va)ly+¢
By integration, solution is givenbyu(x,y, z) =¢ E
- and similarly Pydx + Qudy + Rydz =0 : ‘k Type — I1: Equation containing p, q, z only.
y mtegratlon solution is given by v (x, y) = ¢, b i
i Letitbe (z,p,q)=0 - 1
Complete solution of (1) is given by f(d,v)=0 (or) d(u)=v : 4 Consider a trial st;()lugog)z =g(t) . -- E2;
o Wheret=x+ay - - (3
5 B PROBLEMS . _ | Then from (2) dz=p=g'(t) ot =g'(t) =dz
“Xptyzq=xy - - Ans: f(x/y, xy -2%)=0 R : ' ox ox o odt
- P " , and &z =q=g'(Not = ag'(th=adz -
:._fz-,(Z—Y)P--‘"(X—Z)q=y—x o _ Ans: fx+y+z, X’ +y' +2)=0 ' S ay £ oy @ '
3y + 2 g _ _ , (1) becomes f(z, dz/dt, a dz/dt) =0 - 4 )
) G+20p-(x+yz)q=x yz Ans: f +y? -2, xy +2) =0 _ ‘Now (4) is an ordinary differential equation in z with the independent variable t. Let
4 . . _ _ : the solution of (4)-be¢(z, t, b) =0ie., §(z, x +ay, b)=0 - (5
PX( xtyy= Q)’(x + y)- (2X +2y+2) (x-y) Ans: f[xy, x +y)x +y +2)]=0 _ ’ is the complete solution of (1) ; where a, b are arbitrary constants.
5. (x y2 yz) P+ -y - zx)q Z(x—y) Ans: f[x~y-z (x* —-yz)/zz] 0 . PROBLEMS |
6.6y~ Z)p+(z Z-%) q = x=y Ans: § (x+y+ ' ' .
vz z _ Xy ms ety z,xyz) 0 ' l.zpq= p+q Ans: az2 2(1 +a)(x+ay)+b
TEWE G @B = hemx Ay tmy o) 2p1+9=q Ans: log(az~1)= x+ay +b
o : - ) o L.¢=2p (1-p) Ans:Z=(x+ay+ by’ +a°
8.(¢ -y -Z)p+ 2xy g =2xz  Ansiflyle, (44 A = -
ns:f[ylz, (*+ Y+ 2z} = 0 4. 2R+ @) =1 - Ans: 22 V(1 +a®) =+ 2 (log x +ay) +b
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Type ~ III: Separable equation of the form f(x, p) = g(y, q)-

Let f(x, p) = g(y, @) = a (constant)
Solve f(x, p) =a and g(y, q) =a for p and q, we get p = ¢(x, a) and g = ¥(y, a)
But dz = dz dx + ¢z dy
ox oy
= dz=pdx+qdy
By integration, we get the required solution as follows.
fdz=z = [¢(x,a)dx + [ ¥(y,a)dy +b

'PROBLEMS

P+ =X (X +yH Ans: z=(173) @ + ) +y* -a) +b

2.2+ ) =xX+y  Ans:Z=xVx*+a)+y Uy —a) +a’log x[+ N + 2 }Zb
_ 0y -2)

L=ty Ans: 2= (23) (a+ %" + (23) (y )" + b

Type — IV: The Clairaut’s equation z=px + qy + {(p, q).
‘The solution is given.by z = ax + by + f(a, b) Since 0z/ox=a=p & Oz/dy=b=q

PROBLEMS
Ans: z = ax + by + (a°/b) + (b’/a)

Ans:z=ax+by+_1_
(a-b)
PREVIOUS GATE QUESTIONS - “DIFFERENTIAL EQUATIONS”

1. pgz=p’(xq+p) + °(op + ¢).
2(-QE-px-qy)=1

1. The necessary and sufficient for the differential equatlon of the form M(x, y) dx + N(x, y)

dy =0 to be exact is ' (GATE’9%4)
AM=N b) OM/ox = ANy - ¢) OMJay = ONIox- ) FMIOKE =" FN/oy?

2. The differential equation EI (d'y / dx") + P (dy/dx?) + ky = 0 is (GATE*94)
a) Linear of Fourth order b) Non — Linear of fourth order
c) Non — Homogeneous — d) Linear and Fourth degree

3. For the differential equation (dy/dt) + 5y = 0 with y(0) = 1, the general solution is

(GATE’9%4)
@e" — ()™ (c) 5™ @™
4. Solve for y, if (d?y/dt?) +2 (dy/dt) + y = 0; with y(0) = 1 and y'(0) = -2 (GATE’94)
Ans:y=(l-t)et
5. The differential equation y" + (s° sinx)’ y' +y = cos Cis (GATE’9S)

a) homogeneous b) non linear
<) second order linear d) non homogeneous with constant coefficients
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6. Solve (d“v/dx Y+av=1+x+x (GATE?96
Ans: y = e™(c;cosAx+e,sinhx) + € (c;coskx+c,¢sm7»x) +(1+x+x )/(414)

7. The particular solution for the differential equation (Pyldx?) +3 (dy/dx) + 2y = 5 cosx is

2)0.5cosx + 1.5sinx b) 1.5 cosx + 0.5 sinx ¢)1.5sinx  d)0.5cosx
(GA TE’96)
8. The one dimensional heat conduction partial differential equation 9L = _az_T is
(GATE?96) : ot -
a) parabolic b) hyperbolic c) elliptic d) mixed
9. For the differential equation, f(x, y) (dy/dk).+ g(x,'y) ~0tobe exact, (GATE"97)
a) of | dy = dg / & byof/ox=dg/dy c)f=g - d)&f/ox’=dgl oy

10. The differential equation, (dy/dx) + Py = Q, is a linear equation of first order only if,
(GATE’97) .

--a) P is a constant but Q is a function of y  b) P and Q are functions of y or constants

c) Pis a function of y but Q is a constant d) P and Q are functions of x or constants

11. Solve (d*y / dx*) —y = 15 cos 2x (GATE’98)
Ans: y = cje* + ¢, e™ + (cicosx + cgsinx) + cos2x

12. The general solution of the differential equation x? (d*y/dx?)— x (dy/dx) + y = 0 is

(GATE’98)
a) Ax + Bx? (AB are constants) b) Ax + B logx (A,B are constants)
¢) Ax + Bx’log x (A,B are constants) d) Ax+Bxlogx (A,B are constants)

13. The radial dlsplflcement ina rotatmg discis govemed by the differential equatlon
1 du —2 =8x where uis the dlsplacement and x is the radius.

d_xI X dx
Ifu=0at x=0,andu=2atx=1, calculate the displacement atx = ¥,
Ans: 1/8 . (GATE’98)
14. (d*y/dx?) + (x° + 4x) (dy/dx) +y=x* -8 (GATE?99)

The above equation is a . )
a) partial differential equation b) nonlinear differential equation
¢) non - homogeneous differential equation  d) ordinary differential equation

15. If ¢ is a constant, solution of the equation dy/dx =1+ ¥ is (GATE’99)
a) y =sin(x +c) b)y=cos(x+c) - c)y=tan(x+c) dy=¢€" +c¢

16. Find the solution of the differential equation d’y/df® + X%y = cos (@t + k) with initial
conditions y(0) =0, dy/dt(0) = 0. Here A, » and k are constants. Use either the method of
undetermined coefficients or the operator (D = d/dt) based method. ~ (GATE - 2000)
- Ans 1y =c)cos At + ¢;sin At H1/(A%-w?)] cos (ot + k) where ¢;= cosk/(w?- 1) and ¢,

= wsint/A(A 2w
17. The number of boundary conditions required to solve the following differential equation

is =0 ’ (GATE’01)
o
)2 b)0 c)4 d)1
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i8.

19.

21.
using an ordinary differential equation (dx / dt) + kx* = 0, where k is the reaction rate,

22.

l.c 2.-a_ 3b 5¢ 7.a 8a 9b
-17.

The solution for the following differential equation with boundary conditions y(0) =2 and

y(l) 3is (GATE’01)
Ad%y 1dx?) =3x -2

a)y=x7/3- 2/2 +3x-6

b)y=3x’-x*2-5x +2
Qy=x/2-x'-5x/2+2

d)y=x’~x*2+5x+3/2

) .
Solve the differential equation %% + y =x with the following conditions:  (GATE*01)
X
(atx=0,y=1 (ijatx=—, y=—o Ans: y =X+ cosx - _
. The solution of the dlfferentlal equation (H7Hx) + yl Ois (GATE’03)

a)y=1/(x+c) b)y= (x /3)+ ¢ c)ce®  d)unsolvable as equation is non-linear

Biotransformation of an organic compound having concentration (x) can.be modeled

constant. If x = a at t = 0, the solution of the equation is
a)x =ae™ b) I/x=l/a+kt ¢ x=a(l —¢

(GATE’04)
d)x=a+kt
Transformation to linear form by substituting v =y' =" of the equation . (GATE’05)

(dy/dt)+p(t)y =q(t)y"; n>0 will be
a)(dv/dt)+ (1 —n)pv=(1 —-n)q b)(dv/dt)+ (1 -n)pv=(1+n)q
c)(dv/dt)+ (1 +n)pv=(-n)q d)(dv/dt)y+(1 +n)pv=(1 +n)q

23. The solution of (d%y / dx?) +2 (dy / dx) + 17y = 0; y(0) = 1, (dy/dX)usy = 0 in the
range 0 <x <7/4 is given by (GATE’05)
a) €™ (cosdx + ¥4 sindx) b) e (cos4x Y4 sindx)
c) e (cosx — Y sinx) d) e (cos4x - % sindx)
24.If x* (dy/dx) + 2xy =(2lnx/x) and y (1)=0, then whatis y (¢) ? (GATE’05)
a)e b)1 ¢)l/e d1/ée
" 25(a). The complete solutlon of the ordmary différential equatlon (dzy/dx Y+p (dy /dx)y+qy
- =0is y=cj e+ ¢,e* then p and q are (GATE’05)
a)p=3,9=3 b) p=3,q=4 ) p=4,4-3 d)p=4,q=4
25(b). Which of the followmg is a solution of the differential equation (GATE’05)
(d%y /dx) + p(dy /dx) +Hq+1) y=07
a)e* b) xe™ ) xe™ Cdyxle™
KEY

10.d 12.d 14.c&d 15.¢c
¢ 18.c 20.a 21.b 22.a 23.a 24.d 25@).c 25(b). C
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PREVIOUS GATE QUESTIONS

01. The solution of the first order
differential equation X (t) =-3 x(t).
x(0)=xqis EE-2005-1M
@xM)=x0e> (®B)xt)=xpe>
©)x(M)=xp€” (d)x(t)=xp¢"

02. For the equation

X(@)+3x(1)+2x(t)=5, the solution x(t)
approaches the following values as

Tt EE - 2005 -2M
@?~0 (b)5/2
(W (d) 10

03. The general solution of the differential
equation (D -4 D + 4)y 0, is of the
form (given D—% and c;, ¢y are
constants) IN- 2005 - 2M
(@c 62 (b)c; ¥ +c e

(c)c; e +oxe(d)c e+ xe™

04. The differential equation

3 5 2
1+[dyJ =c? 2| 4% 2 is of
dx dx ,
PI-2005-1M
(a) 2™ order and 3" degree
(b) 3 order and 2™ degree

(c) 2™ order and 2™ degree
(d) 3" order and 3 degree

05. The degree of the differential equation
iy ;

—2+2x =0is’
dt

(@0 (1

(c)2 @3

"CE-2007-1M

06. The solution for the differential
-—equation g—i=x2 y with the condition

thaty=1atx=0is CE-2007-1M
3
@) y=e!2X () In()="-+4

2

© )= @ y=exP3

07.

08.

99.

10.
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A body originally at 60°-cools down to
40% in 15 minutes when kept in air at
a temperature of 25° c. What will be
the temperature of the body at the end

of 30 minutes? CE -2007-2M
(a) 35.2% {b)31.5%

(c) 28.7% (d) 15%

The solution of g—izyz with initial
value y(0) = | is bounded in the
interval i ME -2007 -2M
(@)-0<x<®o (b)-o<x<]
(©)x<1,x>1 (d0-2<x<2

The solution of the differential
2

equation k2dy—2=y-—y2 under the
dx

boundary conditions (i) y =y; atx=0
and (ii) y = y; at x = o, where k, Vi
and y, are constants is
EC-2007-2M
X

@ y=(y1—y2)ek2 A .
-~ X
) y=(,-y) ek +y,
© y=(y;-¥,)Sin h(f]wl |

@ y=,-y)e & +y,

A function y(t) satisfies the following
differential equation

%y(t’)+ ¥(0)=5(t) where 8(t) is the
delta function. Assuming zero initial

condition and denoting the unit step
function by u(t), y(t)'can be of the

form. EE -2008 - 1M
@¢ @
© < ) (d) ()
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11,

12.

14.

13.

16.

ACE Aca(L_y_

Consider the differential equation
dy
dx
following can be particular solution of
this differential equation?

IN -2008 -2M

=1+ y2 . Which one of the

(a) y=tan(x + 3)
(b)y=tanx +3
(c)x=tan(y+3)
(dx=tany+3

Which of the following is a solution to
the differential equation

% x(t)+3x(t)=0, x(0)=2

EC - 2008 - 2M
(b) x(t)=2¢t
(@ x(®=3t2

(a) x(H)=3et
© x(t)=-3/2 12

. Given that X+3x=0and x(0) =

X{0)=0, what is x(1)?

MC -2008 - IM
(2)-0.99 (b)-0.16
(c)0.16 (d) 0.99

It is given that y'' + 2y +y =0, y(0) =
0, y(1) = 0. What is y(0.5)?

MC -2008 - 2M
(a0 (b) 0.37
(c) 0.62 (d)1.13
The—solutions of - the differential
2
equation d—y+2d—y+2y=0 are
dx2 dx
PI -2008 - 2M

(a -(l+|)x -(l -1)x (1+|)x (l -ix
(c) e-(lﬂ)x (l+1)x (d) e(l+1)x -(1+ix

Solution of the differential equation

3yd—+2x =0represents a family of

dx
. CE -2009 -2M
«a) ellipses (b) circles
{c) parabolas (d) hyperbolas

BASIC ENGINEERING MATHEMATICS

17.

19.

The order of the differential equation ~

2 3
u ((_il] y =e t's
dx? \d

EC-2009 - 1M

@)1 (b) 2
©3- (d)4

. Match each differeﬁtial equatidar-l“i*h*:; '

group — I to its family of solution
curves from Group -1

CE -2009-2M -
Group—1 - Group-II
P. Yy " 1. Circles
dx x
dy___y_ . .
Q._ X 2. Stralghtllnfes
dy _x
R. "y 3. Hyperbolas
dy  «x
S. -&—- '}—’
(@P-2,Q-3,R-3,8-1
®P-1,Q-3,R-2,5-1
©P-2,Q-1,R-3,8-3
@dHP-3,0-2,R-1,8-2
‘The solution of xg—i+y=x4with
condition y(1) = 6/5 is
ME - 2009 -2M
4 4
xT 1 _4x7 4
(a) y= 5 +; (b) y_ 5 +SX'
: AT 3
. X . X"
G y—TH @ y=7%+1

20.

The solution of the differential
2

equation Y0 with boundary
: dx2

"conditions (i) g—){:l at x = 0 and (ii)

Yoatx=1is  PI-2009-2M

dx .

(@y=1

b)y=x

(©) Yy = x + ¢, when ¢ is an arbxtra:y
constant

(d) y = ¢1 x +.¢;, where ¢; & ¢ are
arbitrary constants ’
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21. The homogeneous part of the 25. Which one of the following differential
differential equation equations has a solution given by the
d2y function y = 5sin(3x + n/3)

2.

23.

24.

—=+ -dl+ =r r are
dle pdx qy= p, q,

constants) has real distinct roots if
PI-2009 -1M

(b)p’—4q<0
(d)p*-4q=r

differential

@p’-49>0
©p'-49=0
" For 'Ihe

d2x dx

dlz +6—d—+8x-0 R with

equation
initial

conditions x(0) = 1 and (d_"] =0,
. . dt (=0

the solution is EE -2010 - 2M

(@x()=2e% -2
B x(h=2¢ A _eM
(c)x(t)=-e +2e
(d) x(®=e2+2e™

A function n(x) satisﬁeé the
d? n(x) n(x) _ -0
w12
where L is a constant. The boundary
conditions are : n(0) = k and n(a)= 0.
The solution to this equation is
EC-2010-1M

(@) n(x) =k exp(x/L)
(b) n(x) k exp (x/ \/L)
©)n(x)= K exp (-x/L)
(@ n(x) =k exp (x/L)

differential equation

The solution of the differential

equation %—yz =l satisfying  the
condition y(0) = lis
PI-2010-2M

(@) y=e* )y =
(c) y=cot (x + n/4)

(d) y = tan(x + n/4)

 PI-2010-1M
()~—§Cos(3x) o

(b) + 5 Cos(3x) 0

2y
© ,*—2+9)’=0
dx

2
@ £ —9y=0
dx2 .

26. The order an degree of the differentiat
v L 3 .
equation i% +4 (gl} +y2 =0are

dx dx
respectively CE-2010-1M
(@)3and2 (b)2and3
(¢)3and 3 (d)3and 1

27. The solution to the ordinary

differential equation
2
d—% dy ~6y=0is
dx?  dx
CE -2010-2M

@y= ¢t +ce™
b)y= cle3 + cze2

©) y=cie¥+ce® -
@ y=cie™ +ce™

28. Consider the differential equation
g—i+'y=ex with y(0) = 1. The value -
of y(1)is IN-2010-2M
@e+e’ ) 2le-c]

@ glere] @ 2[e-e]

29.Iff=a,x" +a|x y+ ......... + a5 X

n-

y*! + ay", where a; (1 0 to n) are

constants then xif— + y— is

oy
IN —2005 — 01M
f n
@ ® 3
©nf @ nvf
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~ 31.Letf=y" Whatis

108
30. The partial differential eguation
2 2 ”
AT A '("*"J |
+22, == 1=0 has
dx ) dy2 ox) oy

ME - 2007 M
(a)degree 1 and order 2 -
{b)degree 1 and ordéi 1™
(c)degree 2 and order 1
{d) degree 2 and order 2

82f

. Ox dy

y=1? ME - 2008 - 2M
(@0 )In2

atx =2,

- : 1
l d) —
© @ =

32. For the partial dlfferentlal equation

3%u_ s6u.
axz K
with bqpndary conditions u(0, t) = 0
and u(l, t) = 0 and initial condition
u(x,0) = sin(nx), the solution of the
differential equation is
ME -2008 -2M

(a) et sin(amx) (b) etsin(_nx)

(c)e ™ sin(mx) (d) ™ sin (7x)

in the domain 0 < x < 1

" 33. The blasius equation

A S
575 =0isa
dn 3 2 dTl
(@ 2" order non-linear ordmary
d1fferent1a1 equation
(b) -39 order non-linear ordinary
dlfferentlal equation
(c) 3" order linear ordinary differential
equation
(d) mixed order non-linear ordinary
differential equation

34. The partial differential equation that
can be formed from z = ax + by +ab

has the form (with p-—, =5 )
CE - 2010 - 2M
(@ z=px +qy '
(b)z=px +pq
()z=px+qy+pg.
- (dz=qy+py
. KEY:
0l.a 02.b 03.¢
04.c 05.b 06.b
07.b 08.c 09.'b
10.b 11.a 12.b
13.b 14.a 15.a
16.a . 17.b . 18.a
19.¢ 20.¢ 2l.a
2.b - 23.d 24.d
25.¢ 26.a 27.¢
28.¢ 29.¢ 30.a
3l.c 32.a 33.b
34.c
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Toric-—-6 FOURIER SERIES

" PERIODIC FUNCTIONS

If at equal intervals of abscissa x, the value of each ordinate f(x) repeaty itself
i.e. f(x) = f(x+a) for all x, then y=f(x) is called a periodic function having period o.
Eg: Sin x & Cos x are periodic functions having a period 2.

To analyze some periodic functions it is necessary to express-a function in a series of
sines and cosines; Such a series is called Fourier series, which may be written in a general
interval (c, c+2/) as follows: -

F(x)=ag+ Z a, cos[nn )j+ Z by s1n[nn )j
2 ! S V]
c+2!
Where ag=1 | f(x)dx
l c

2 '
a=1 [f(x) C_o{plt x] dx

] ]
2!

=1 1) Slr{n‘n x] dx

Ik ]

* Fourier series for the even function f(x) in the interval (-, ) is -

f(x)=ag+3 an,CosE_llt x]
2 n=1 ]

/
Where ag=2 ](; fx)dx, . . : T
l - - .

and b, =0

1
=2 | f(x) Cos{ng x] dx
1 1
Note: A function f(x) is said to be even if f(-x) = f(x) and edd if f(-x) = -f(x)

* Fourier series for an odd function f(x) in the interval (-1, ) is

f(X)=;él‘bn sl-r{nl_n x] —

Where b, 2 f(x) Slr{nrc x}1
l
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DIRCHLET’S CONDITIONS FOR A FOURIER EXPANSION

Any function f(x) can be developed as a Fourier series

@ @
f(x) =ap + Zl ap CO{[E‘[ )j+ Zl by Sil‘{mt )ﬂ ;  where ay, a,, b, are constants provided
2 " / = v) :

1) f(x) is periodic, single valued and finite.

2) f(x) has a finite number of discontinuities in any one period.

3) f(x) has at the most a finite number of maxima and minima.

* The above conditions are sufficient for the expansion of a function in Fourier series

* Fourier series of even functions in the interval (-/, /) contains only cosine terms

* Fourier series of odd functions in the interval (-/, /) contains only sine terms

. HALF RANGE SERIES

* Half range sine series of f(x) in the range (0,/) is

/
/
Whereb, =2 [ £(9) Sir{ry_t )ﬂ dx
/ !
* Half range cosine series of f(x) in the range (0,/) is

0= Zby SinEﬁ 3

f(x) =ag + § ap Cos[rﬁ xJ

2 ™ !
Where 2,= 2 | f(x) COS[IE x} dx
r° 1.
1
a=2 | f(x) dx
T
IMPORTANT RELATIONS
atdn - a+2n
1. f Cosnx dx = | Sinnxdx =0 (n=0)
o a
atln a+2n .
| Cos?nx d&x = | Sin’nxdx =n n=0)
a a
at2n at2n
3. | Cosmx Cosnxdx = | SinmxSinnxdx =0 (m#n)
at2n
4. | Sinmx Cosnxdx =0 (m=n)

a
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! ! . !
5. For an even functionlj f(x) dx = 201 f(x) dx and for an odd functionlf f(x) dx =0

6. Sinnx = Cos (n+ ¥2) £ =0 & Sin{ n + ¥)n = Cos nn = (-1)"( wheren=90,1,2,3..)
PROBLEMS
01. The coefficient of sin x in the expansion of f(x) =x? in the internal (-m, m) is

a) nz=l g;l[) b) E; Ti’ c)%2 d)o o

02. The term a in the fourier series of the function f{x) =0for-n<x<0

=Sinxfor0<x<m-s— -

a)2/n b)l/n c)0 d)1/2
03. The function f(x)=-x +] -w<x<0
=x+l 0<x<n has the following terms in its expansion
a) Cosine - b) Sine . ¢) Both Cosine & Sine d) Cannot be predicted

04. In the Fourier series for f(x)=mx in 0 <x <2 the coefficient of Cosmx =

@1/n ®1/n° €)D"/ n® (@0
05.Iff(x) = 0,  -2<x<0
=1, 0<x<2

then the term independent of x in the Fourier Series of f(x) =

(@0 1 (c)1/2 2

"06. For the function given in Q.No.05, the coefficient of Cos (nnx /2) =

(a)0 (b)1/n (¢)1/n? (d)-1/n
07. For the function given in Q.No.05, the coefficient of Sin(nzx / 2) =

(@ [1+(-1)"V on (b) [1-(-1)"Y nm ©0

08. A function can be expanded in Fourier Series if it satisfies
(a) Drichlet’s condition (b) Euler’s conditions
* - (¢) Fourier’s conditions (d) Bernoulli’s formula

(d1/nn

09. Which of the following functions cannot be expanded in Fourier Series in the interval

(-ni T[)
(@e* T () x* (c) Cosec x (d x|

10. In the range 0 <x <, if.C=(4C/n) {Sinx+(Sin3x)/3+(Sin5x)/5+..........}
then 1 —(1/3) + (1/S) = (1/7) +uerc.... « = :
(@= byn/2 ©yn/4 d=r/6-

11. The Fourier Series of X — x* in the interval (-7, ) contains
(a) only sine terms (b) only cosine terms
(c) both sine & cosine terms (d) neither sine terms nor cosine terms

12. The Fourier S_eﬁes of “x Sinx’ in ti1e interval (0, 2x) contains
() only sine terms {b) only cosine terms
(c) both sine & cosine terms (d) neither sine terms nor cosine terms
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13. Which of the following is not a Dirchlet’s condition
{a) f(x) is periodic {) f(x) is single valued
(c) f(x) is finite (d) f(x) is even function

ACE Academé

14. Inthe Fourier Series of the function fix)=0 when -2<x<-]
k when -1<x<1
0 when 1<x<2

E then constant term =
@k )k /2 (c) 2k (d) 4k

15. If f(x) is an odd function in (0,2) then its Fourier Series is
" (a) Z {bySin (nmx /2)] (b) (ag/ 2) + £ [a, Cos (nnx)]
() (a9 / 2) + Z [by Sin (nnx)) (d) (ag/ 2) + Z (a; Cos nnx +'b, Sin nnx)

16. The Fourier Series of f(x)=1-xin (-1, 1) contains
(a) only sine terms (b) only cosine terms .
(c) both sine & cosine terms (d) neither sine terms nor cosine terms

17. In the interval (O, ), the constant term in the Cosine series of fix)=xis .

(@n/2 ®)=n : (©)0 (d) n/4
18. In the interval (0,%), the constant term in the Sine series of f (x) = x
@mn/2 (b) £ . (90 (d)yn/4

19. It‘f(x) X is expressed as a half range Cosine series in (0,2) then the constant term in the
Series is
(@1 ()2 - @0 (-1

20. If f(x) =x is expressed as a half range Sine series in (0,2), then the coefficient of Sin 7x in
the series is
@2/n b)2/= ©1/= d)-l/x

21. In (0,r), If a constant ‘¢’ is expanded as a half range Sine series, then the coefficient of
Sin 5x is

(a)4c/ Sn _ )2c/5n_ )0 (d)c/ Sn
22. If f(x) = x” is expanded as a Cosine series in (0,) then the constant term=_
(yn/3 () 2n?/3 ©n*/3 ) 37212

23. In (0,m), If a'‘constant “c’ is expanded as a half range Sine series, then the coefficient of
Sin 2x is .
(a)4c/5n (b)2c/5n ©0 (d)c/5n

24. To expand f(x) as a Sine series in (0,2)
(a) f(x) should-be an even function .

(c) f (x) should be neither even nor odd function
(d) It hardly matters whether f(x) is even or odd or neither

(b) f(x) should be an odd function

25. u(t)=0 when (-T /2) <t<0
=ESinwt when 0<t<(T/2)
and T = 21/ o then the constant term in the Fourier Series =
@E/w T ®)E/n (¢)2E/® (d)2E/=
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KEY
0l.d 02.a 03.a 04.d 05.¢ 06.a 07.b 08.a 09.¢ 10.c ll.c 12.¢

13.d14b 15d 16.b 17.a 18.¢ 19.a 20.b 2l.a 22.a 23.¢ 24.d 25b

PREVIOUS GATE QUESTIONS - “FOURIER SERIES” = -

1. Fourier expansion of the periodic function £(t) =t with a period (= 2n/e) has the form

O - [s.0]
@) a9 + X (an cos not + by sin net) b)ag + X by sin not (GATE’96)
2 n=1 . 2 n=1
[s.0] o0
c)ag.+ X a,cos not d) X b, sinnot

2 n=l _ - n=1

2. A function with a period 2x is shown below (GATE - 2000)

1w

1

: , X
. . -m2 0 w2 o=

The Fourier series for this funcﬁon is given by
[ee] ’ [ee]

a) f(x) = (4) + X (2/nm) Sin (nn/2) cos nx b)fix)= X (2/nm) sin(nm/2) cos nx
n=l .. n=1
[ee] [ee]

¢) f(x) = (%) + X (2/nm) Sin(nn/2) sin nx ~d) f(x) = ¥ (2/nnt)Sin(nw/2) sin nx
n=1 - n=l )

__-»'3.—'Fhe,_F9mier>seri¢S éxpansion ofa symmetﬁc and even function, f(x) where (GATE’03)
fx)=1+Q2x/mn), -n<x<0and

=1-Q2x/n), 0<x<m
will be '
o
a) Z 4/ n’ ) (1 +cos nm) cos nx b) > 4/ nznz)(l — €OS NIT) €OS NX
=1 __ n=1
[ee] o0
¢) ¥ (@4/n*n®(1-sinnm) sinnx d) ¥ (4/7*n®) (1 +sin n7) sin nx
n=1 n=1
KEY
B l.a 2.a 3.b
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PREVIOUS GATE QUESTIONS

01. The Fourier series for the function
f(x) = sin’x is (EE-2005-2M)

(a)sinx +sin2x  (b) 1 —cos 2x
(c) sin 2x + cos 2x {d) 0.5 —0.5 cos 2x

02. The Fourier series of a real periodic
function has only (EC-2009-1M)
P. cosine terms it it is even
Q. sine terms if it is even
R. cosine terms ifitis odd

(@)Pand S (b)PandR

05. f(x), shown in the adjoining figure is
represented by

f(x) =ap + i[ancos(nx) +b, sin(nx)].

The value of a5 is (IN-2010-1M)

4

1.

-

dials

S. sine terms if it is odd. 27 Fn O 3 "

Which of the above statements are

correct? - .
' 15 ;

(c)Qand S (dyQand R

03. The period of signal
x(t) = 8 sin[0.8 n t + /4] is
(EE-2010-1M)
(a) 0.4 mts (b} 0.8 s
(©)125s d)25s

04. The trigonometric Fourier series for
the wave form f{t) shown below
contains

A
l-:m Tta | Tr4 [374

mEE

2A

() Only cosine terms and zero value
for dc component.

{b) Only cosine terms and a +ve value
for the dc component.

(c) Only cosine terms and a —ve value

" for the dc component.

(d) Only sine terms and a —ve value for
the dc component. o '

] ] »
o] | > )
_|T12|T.I-- R

(a)0 _ (b) 7t_/2 ) _(c) . (d)2=n

KEY:
01.d 02.2 03.d
04.c 05.2
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Toric-7 TRANSFORM THEORY

LAPLACE TRANSFORMS

Definition : Let f{t) be a function of t defined for all positive vah.lgz.s_af: t '"I.'hen the Laplace

“transform of f{t), denoted by E{f ()} and is defined by

L{f(t)} = OI EL Rt

" provided that the integral exists. ‘s’ is a parameter which may be real or complex number

L{f(t)} being clearly a function of s’ is briefly written as f(s) i.e. L{f(t)} =1s),
which can also be written as f(t) = L {?‘(s)}.

Then f(t) is called the Inverse Laplace transform of_f(s). The symbol L, whiéh transforms
f(t) into f(s), is called the Laplace transformation operator.

Existence Conditions :

o A. N -

f e F(t) dt exists if f ¢ ¥ f(t)dt can actually bé evaluated and its limit as A — <
0 0

exists. Otherwise we inay use the following theorem :

o

If f(t) is continuous ana Lt {e ™ f(t)}is finite ; then the Laplace transform of f1), ie. f e
() dt

[ - 0

exists for s>a. -

1t should however, be noted thafthc abbve conditions are sufficient rather than nebésééry. "
For example, L(1/Vt) exists, though 1/t is infinite at t=0. Similarly a function f(t) for
which ' '

Lt {e™ f(t)} is finite-and having a finite discontinuity will have a Laplace transform for s >
a. Co ' :
t —a )

TRANSFORMS OF SOME ELEMENTARY FUNCTIONS
The direct application of the definition gives the following formulae:

S.No.- (t) L[f(1)] L[e"f(0}

1. 1 : L (s>0) i (s-a>0)
s : s—a . . .

2 k k >0 ——  (a>0

sS—a
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3. t" :1:‘ (s>0) (———n')’ﬁ where neN
s—u
FY:I (s>0) ( In +)Ilm where ngZ’
5 s—a
. a a :
4. sinat Ry s>0) m
s 5
5. cosat T (s>0) (s——a)l g
. a ' ' a
6. | sinhat KR (s>a])... ;(m
S -
7. coshat 5 (s> |a]) m

PROPERTIES OF LAPLACE TRANSFORMS

L. Linearity property. If a, b, ¢ be any constants and f, g, h an}-' functions of t, then .
' L{a f(t) + b g(t) - c h()} = a L{f(t}} + b L{g(V)} — ¢ L{h(t)}

IL First shifting property. IfL{f()} = 1(s), then L{e* f(t)} =1 (s -a).

III. Change of scale property. If L {f(t)} = f(s) then L {f(at)} =11 H ,a>0
: a a
IV. Transforms of Derivatives

(1) If £(0 is contimious and L{f(®)} =Ts)- then LE'®) = sT(s) - £0)

Q)If f*(t) and its first (n — 1) derivatives are continuous, then
L{f" (t)} =s"T(s) - " f(0) —s" 2 f‘ (0) £ (0).

" V.Transforms of Integrals -

IFL{R0} =F6), then L If(u) -}= 1L TGs).
S
VI. Multlpllcatlon by t"

FL{R()} =T(s), then L{E" f(6)} = (-1) & [f(s)], where n=1.2,3 ..
—ds" -

VIL Division by t

IFL{E(0)} = £(s), then L {1_ f(t}= [ Tes) as.
t S
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INVERSE LAPLACE TRANSFORMS

) L"{ }= e
s—a

GLYLl= ' | n=123,.. (4)'L"_L__ ¢ .
"} (n-1)! .

GLY_1 1=1 sinat (6)L{ s } cosat.
sz+a2 a 2. +a

: (8)L]{ s }= cosh at.
2

—_—
=
v
—
2
I
(—

=1 tsinat (190) L"{

= .l_ (sin at —at cos at).
*+a)) 2a Py .

(" +ay

(1) LY ¢ = 1 _(sinat+at cosat)
(sz+ a’y 2a

._PROPERTiES OF INVERSE LAPALACE TRANSFORMS

L. Shifting property for inverse Laplace transforms.

If L‘ {f(s)} = ft), then
L™ {f (s—a)}=e"f(t)= L (f(s)).

) L7 {f (s +a)} = ™ f(t) =™ L7 {f(s)}.

AL IFL™ {f(s)} = f(t) and £(0) =0, then L™ {sf(s)} = d_{f(t)}
= : - dt C -
In general, LYs"Ts)} = 4" {f(t)} provided f(0)=fF(0)=...= f*"V(0) =0
at" '

41 /(5)
HL If L™ {f(s)}=f(), then © { } If (0t

IV If L {f(s)}=f(t), then L"{ 4 [_f(s)]} = (1) " (1)
Ah :

@O

V.If L™ {f(s)}=1{t), then L"{ SI Ts) ds} = fOft
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CONVOUTION _ THEOREM

If L™ {f(s)} = f(t) and L™ {g(s)} = g(®),
then L (R9T ()= {l fu) gt -w)du=£*g
.[f * g is called the convolution or faiting of f and g.]
UNIT STEP FUNCTION

Def:- The unit step function u(t — a) is defined as follows_

. ort < a ‘
Ut-2)= Y fort > a i

where ‘a’ is always positive.

Transform of Unit Function : L{u(t—a)} =e™/s

Second shifting property. If L{f(t)} =1 (s), then
L{f (t-a) u(t-a)} =" f(s)

UNIT IMPULSE FUNCTION
Unit impulse function is considered as the limiting e
‘form of the function. )
8(t a)= 1/, a<t<a+e -
=0, otherwise.

Thus the unit impulse function §(t — a) is defined as follows :- :
8(t-a)=cc for t=aj =0 for t=a, T

such that J St-a)dt =1 @20y
Traasform of Unit Impulse Function : L{5(t—a)} =¢™

PERIODIC FUNCTION -

if f (t) isa penodlc function with period T, ie. f(t+T)=f (t),ihem L{f(t)} = I e f(de

o ( 1-¢ ‘T.)
PROBLEMS . : '
Find the Laplace Transforms of the followmg L B Lo -

scosb asmb
§* +a

01. cos (at + b). Ans:

ACE Academy
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02. sin at sin bt.

03. cos’ 2t

04. ¢ sinh bt
05.fe™

06. €™ sin’ t

07. cosh at sin at

08. sinh 3t cos? t

e 0<t<1
09.f(t) = {O,t o1

0.6 = fIE05E <

2,0<t<2
llf(t)= {t—1,2<t <3

7,t>3

12.f(t) =|t-1]+}{t+ 1}, t>0.

‘ :
13. Find {I e'cost dt}f L
0

14. Given L {2V(vn)} = 1/5°7,

15. tsin® t

16. £ cos at.

17t sin 2t

18.te™ cosh t.

* show that L{l/wl(nt)} =

. . 2abs
AN T @+ bl Is' + (- b))

s(s> +28)
(s +4)(s” + 36)

Ans:

. b
Ans: 7 a)2 e
Ans: -—6;,—
(s+3)

Ans: _—_———(s TDE+ 251?)

’

Ans . af &+ 2a22

s +4a’
il+ S-13
Ans: 2 [52—9 s4—1052+169}
Ans: —lis e 1)

JI1+e™
_Ans: I

Ans: 2~ -Ls(z+3s+3s)+ (5s-1)

os : 3
s(s"+2s+2)

1A

2%3 +4;
ss2

s( +4)

—6a’s
(s2+a)

-I A;lS,= %ﬂﬂ?.

(s“ +4s +8)

. Angs F+2s+2
(si+23)2
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4. s T Ans : (*4) {cos at + cosh at}
- s'-a
. . —1 1 .
19.(sin af)/t. Ans: cot :_ B 35, — 1 i Ans : %a [e" - e {cos (3av2) +
: s -a 1 2 /9y cinf
20. (cos 2t —cos 31)4. Ans: (172) log {(s*+9)/ (s +4)}. (¥372) sin(\3a/2)}]
3 ’ B o -t
] . s™+s. c1(1+e7)sint+3 (1-¢")cost
21. (¢ sin t)/tj Ans: cot” (s+1) | 36. (_sz+1)(s7' i35+ . A"s s S
- . 1 log P_sz + 4} o \ o
22.(1—cos2t)/t. Ans: 7 L9 . 37, _Z_S_+2_2 Ans: (172) e X sin t .
y +4s+5
~23.(1—-cos /e Ans: cot's—(%)s log (1 +57). (" +4s ) _ _ _ . _ _
: e S ' . Y o -
24. Evaluate B N e e Ans : 213) sinh (% 1) sin (%V3t)
y "~ . '
@ 6[ te™ cos tdt. Ans: 23_5 39, l Ans: 1 (€2+2t-1).
: S s“(s+2) _ _
) ‘ t . 4 .. . 8 ‘S +1 ! 1 . . -
(b) 6[ te” sin tdt. ) Ans: SE+25+17) 40. s—_—(s+?)" . Ans ¢ _I_—I_(tzd-»t+L)e 2.
. . 2 8 4 2 -
4l. 5§ - Ans:
. ) L« 28 + b . - | §c9§ [_l_)ﬂ
25.Provethat | (¢tsin )/t dit = (1/4)log 5.
. 0 . . 1 -at
Find the Inverse Laplace Transforms of the following 42. (s +S ay Ams: (1 -ate
2s—5 + 4s-18 : . 43 2as ‘Ans : tsin at.
26, =5—=—" 2% . 1ljcos 5t — sinSt] - . )
42105 9.& Ans 7[ > sin 5 4cosh3t + 6 sinh3t ‘ (sz . az)z .
.38 | I 44 s ) - Ans: (1/2) @ —4at + 2) ™
27. S +25—8 Ans:e” +2e “stay g
28 387 - - - Ans:ded-¢t _ 45. log -l—ii] Ans: (1 L
B ) N '- : : ' s ' _
29 S+s-2 Ans: 1 +4 e'3"+ 7 M ' 46. log(s+a Ans : (1/t) (e_bl —e™)
’ s(s +3)s -2) 3715 5 ' s+b
30, o IZOS% Ans: 2¢"-3 " -2¢" '
T (s=T)s"-55+6) : 5 5 47, log s+l } Ans:et—e? -
N (s+2)(s+3) s
s _ .
3. T ns: (A)t si : o
L2 (o) ~ Ans: (%)t sinht 48. 1log [+ , Ans:(1/t) (cos at — cos bt)
2 | $+a
1+2s = )
32, — L5 - . t_ .
G+2 (s— 1 Ans: (13)t (e -¢™) 49. log {1 {%]} Ans : (2/t) (1'— cosh at)
s
' -l "~ Ans:(sin2t)/t
X S E— Ans : (1/13) (33 — L2 sin 50. tan ;] Ans : (sin 2t)
PRE Y s : (1/13) (3e™ - 3 cos 2t +2 sin2¢t) S i
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65. Find the Inverse Laplace transforms of the following
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S col (s!-l) Ans.(e sint)/t.
52. s lOg -1 Ans: 2 (sinht—tcosht)
1 -
53. log[s + 1} ~ Ans: 2 Sioht
s—1 _ t
54. COI-I [% Ans: _SinA
‘ 5 t
Using Convolution theorem, evaluate :
55— 1 1 - Ans : (1/2°) (at — sin at).
{7
- 56. 11 1 Ans:t(e*+1) +2(e*-1)
|82 s+ 1) . :
57. 1! 1 | } _ Ans: (1/16) (' -e—ae™)
-6+ _

s Alis : (1/3:) (cos t—cos 2t)

58. L‘{ ) J
(si+2)(s +4

- Solve the followmg Equatlons by the Laplace Transform Method

59. (dx /dt) + x =sinwt, x(O) =2, Ans: =2+ o €'+ sinot—o cos ot
o +1 o’ +1 -
60.y" + 4y +3y= _e"l , y(O) =y} 0)=1. Ans: y=7e'-3eM+1 te*

61.(D* - 1)x =acosht, x(0) = x(O) 0. Ans: x=(at/2)sinht.

62 y +y—t y(O)—l y(O)— i Ans

y t- 3smt + cost B
63, yt=3y + 2y =dt+ e, when y(O)"landy Oy==t—Ans: y= 2‘+3+(1/2)(en )

i) £~ Ans:—sint. u(t—n)
#+1 / )
(u) s€*  La>Or Ans : cosh w (t-a).u(t-a)
. S+ . . . Lo
(iii) . : " Ans: et ue-1)
o (s- l)(s 2)
4w) Ans: —(172)e V-1 u-1)
(S +1y : . )
v) £ CAns:  -sint u(t-m)
T | o .

66. Find the Laplace transform of the square-wave (or meander) function of period @

defined as
fit)y=1,
= e ]’

when 0<t<a/2,
whena/2<t<a.

 Ans: (1/s) tanh (sa/4).

67. Find the Laplace transform of the saw-toothed wav_e of period T, glven

fity=tT for0<t<T.

Ans: (1/5'T) - e/ 5(1 - &*T).

_ 68. Find the Laplace transform of the triangular wave of period ‘2a’ given by

fit =t
=2a-t,

69. Find' L{F(t)) Where F()

0<t<a
a<t<2a.

sint, O<t<m

0 . n<t<2n

Ans: (1/s?) tanh (1/2)as.

~ Ans: 1 —

(sH41) (175

2e
64. Evaluate :
@ L (e~ u@t-1)} Ans:e”/(s-1)s
(i) L{—1) ut-1)} ‘Ans: 27 /s
(i) L (Pt — 3)). T Amsie® Q+6s+ 952)’/ §¢ o
(iv) L { u(t- 1)+ 8t 1)} Ans:e® Q+2s+8+5)/s

WL e ue1}
ML { (1) ut-1)}

AnsTe(s-1)

Ans :_2<:5/s3

PREVIOUS GATE QUESTIONS - “LAPLACE TRANSFORMS”

:1: The inverse Laplace transform of (s +9)/(s* + 6s+13)i lS* --
a) cos 2t +'9 sin 2t b) e cos2t - 3™ sm 2t
c) e sin 2t + 3¢ cos 2t d) e cos 2t + 3¢ sin 2t

{GATE?95)

2 Using Laplace transform, solve the initial value problem oy —6y' + y=0 (GATE’96)
¥(0) =3 and y'(0) = 1, vhere prime denotes derivative with rcspect tot..
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3. The Laplace T ransform of a unit step function u,(t), defined as (GATE?98)
u(t)=10 fort<a is - '
=1 fort>a,
a)e™/s b) se™ ) s —u(0) d)se® -
4. (s+1)" is the Laplace transform of (GATE’98)
)t b - gt d e’ it
5. The Laplace transform ‘of the function (GATE’99)
fly=k,0<t<c a)(k/sye™ b) (k / s)e*
=0,c<t<oo,is oke*™ - -d)(k/s-)(l—e'“_) -

6. Laplace transform of (a + bt)* where ‘a’ and ‘b” are constants is given by:(GATE ’99)
a)(a + bs)’ b) 1/ (a+bs)
o) (a¥fs) + (2ab/ sty + (2b% / %) d) (a¥s) + 2ab / s1) + (b* / %)
7. Let ¥(s) = £ [(t)] denote the Laplace transform of the function f(t). Which of the following

statements is correct? {GATE - 2000) . -.

t
a) £ {df/ dt] = 1/s F(s); £ {I f{t) d’t] = sF(s) - f(0)
0

¢
b) £{df/ dt] = s F(s) - F(0); £{ [fz) dr} =-dF/ds
. 0 :
t
c) £1df/ dt] = s F(s) - F(0); £{I f(r) d'c} =F(s-a)
0

1
d) £1df/dt] =5 F(s)—F(O); £{I f(1) d'c]= 1/s F(s)

8. Thei inverse Laplace transform of 1/(s* + 2s)is (GATL"[I])
a)(d-e% by(1+e)/2 9-¢7/2 dy(1-¢% 2
“~9-The Laplace transform of the following functionis i (GATE’02)
—_ Sint for0<t<m S
o)
0 for t>n

b)l/(1+s)fora1]s<n

a)1/(1+sY)foralls>0
dye™/(1 +s)foralfs‘>0

)1 +e™)/(1+5) forall s>0

10. Usmg Laplace transforms, solve (d%y/ dt)+4y= 12t ~ (GATE ’02)
given that y = 0 and dy/dt =9 at t=0. -
11. A delayed unit step function is defined as u(t-a)= [0 fori<a, fts Laplace transform is
1 fort>a (GATE’04)
aae™ bye™s c) e™fs d) e*/a

KEY

1.d 2y=3" 3a 44 5d 6¢c 7d 8d 9c
10.y =3sin2x +3x 11.b
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FOURIER TRANSFORMS
Fourier Transform(F.T): Let f(x) be a function defined onR. Then the Fourier transform of
f(x) is defined by

F{f(x)} = | ™ fix) dx = F(s) — (D)
and FUFs) = (120) | €™ FE)ds = fx) ~— ()

is thf: inverse Fourier transform of F(s). It is also called inversion formulae of (1)

Fourier Sine Transform<F.S.T): The Fourier Sine transform of the function f(x) in (0, «) is

_ defined by .
Fo{f(x)} = Fy(s) = J f(x) Sin sx dx — )
0
0 .
and  f(x)=(2/x) [ Fy(s)Sinsxds — @)
0 :

is called the inverse Fourier Sine Transform of Fy(s).

Fourier Cosine Transferm(¥.C.T): The Fourier Cosine transfonﬂ of the function f(x) is (0,
o) is defined by

Fo{f(x)} =F(s)= [ f(x) Cos sx dx — 5
0
and f(x)= (2/n) | Fc(s) Cos sx ds - (6)
0 .

 is called the inverse Fourier Cosine Transform of Fc(é). -

PROPERTIES OF FOURIER TRANSFORMS

1. Linear property: If F(s) and G(s) are Fourier transforms of f(x) and g(x) then

F{C] f(X) +C, g(X)} =C F(S) + G G(S)

2. Change of scale property(C.S.P):If F(sj is the Fourier transform of f(x) then
F{f(ax)} = (1/a) F(s/a), a = 0.

Note: Similarly we can show that Fs{f(ax)} = (1/a) Fy(s/a) and F {f(ax)} = (1/a) F.(s/a)

3. Shifting property: If F(s) is the Fourier transform of f(x) then
F{f(x —a)} = ™ F(s)

Note: F{f(x + a)} = ™ F(s)
4. Modulation Theorem: If F{f(x)} = F(s) then F{f(x) Cos ax} = (/) {F(s+a) + F(s—a)]
F{f(x) Cos ax} = (') [F(s+a) + F(s-a)]
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NOTEAIf F{f(x)}= F(s) then F{e™ f(x)} = F(s+a)

Remarks: Similarly if Fy(s) and Fo(s) are the Fourier Sine Transform and Fourier Cosine
Transform of f{x) then

i) Fi{f(x) Cosax} = (%) [Fs(s+a) + F{(s-a)]

ii) Fo{f(x) Sinax} = (%) [Fs(s+a) — Fs(s — a)]

iii) Fs{f(x) Sin ax} = (%) [Fi(s-a) — Fi(s+a)]

iv) Fe{f(x) Cos ax} = (%) [F(s+a) + Fo(s —a)]
5. Fourier Transform of derivatives

i) Fs{f'(x)} = - s F(s)

if) Fo{f'(x)} = (0) + s Fi(s) o

i) F{ d" f(x)} = (-is)" F(s) : S

dx" '

6. Multiplication with ‘x’:
i) F{x" f(x)} = ()" " [F(s)]
: o ds"

i) Fefx 00} = (@ids) (RO}
iif) Fs{i f(x)} =- (d/ds) {F [fx)]}
7. F(f0} = FCs) |
8. F{f(x)} = F(=)
9. F{ftx)) = F(s)

2]

oo . ! -
10. [ Ff(x)] . Fe[g(x)] ds = (w/2) | f(x) g(x) dx
0 S0
) ') . '— oo..
1l;‘:ig“F;[f(Y)r Fe®)]ds = (n/2) ] f(x) g(x) dx
0 -

PROBLEMS

X , 0<x<l1
01. Find the Feurier Cosine transform of f(x}-= 2-x, 1<x<2  _ -
B , 0, x>2.
Ans) 2Coss - Cos2s -1
-2 — 2 T

s .8 s
e : 3 '
- 02.Find the Fourier transform of e*’?  _w<x<w

Ans) V2n ™2
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03. Find the Fourier Sine transform and Fourier Cosine transform of ¢™Yx
Ans) Tan'\(s/a) and (-%) fog(s* +a%) .

04. Find the Fourier Sine transform of xe™
Ans) 2as
(S +a)

05. Find the Fourier Cosine transform of f{x) =1/ ( 1+x?) and hence derive Fourier Sine,
transform of $(x)=x/( l-i--xz)
Ans)m e® and me”

-2 2
06. Find the Fourier Sine transform and Fourier Cosine transform of ¢™ , 2>0
Ans) __s and a
sT+a s+l

Conw-)lutitin: The d:onvolutibn of two functions f(x) and g(x) over (-0, ) is defined ds
_ o . . .
fxg = [ fit) gix—t)dt.

-0

_ Itisalso called Falting.

Convolution theorem for Fourier Transforms:

F{f(x) * gx)} = F{fx)} . F{g®)}

Parseval’s Identity for Fourier Transforms: .
If the fourier transforms of f(x) and g(x) are F(s) and G(s) respectively, then

w0 _ o0 . .
) (2n) | FEGE)ds= | fx)gxdx - i
=00 =00

L . ) . ’
i) (127)- | FePds= [ [fxF dx
00 .

-00 ! -

Parseval’s Identities for Fourier Sine transform and Four';_e_r Cqsine transform:
; - :

oo
i) (/) { Fys) G(s)ds = | () g(x)dx
0 o . :

© © '
i@ FREP d = [P dx
0 ’ -0 _

0 [ ]
iii) 2/m) | Fi(s) . G(s) ds = | f(x) g(x) dx
0 0
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0 [+¢]
) {2/m) )P ds = T [P dx
0 " 0

PROBLEMS
1 Using Parseval’s ldentmes prove ‘that
w
| dt = n
0 @+ +1) - 2aba+by . -

2 Usmg Parseval’s identities calculate

l)I dx / (a* + x%)? ii) Ile(a2+x2)2dx ifa>0
0 - o

Ans) 1) n/4a’ ii) 7/da

3. Find Fourier transform of f(x)if f{x)=J1- ]x[ , IxI<1
» KI>1
hence deduce that I (Smt 1ty dt=n/3

Ans) (2/s ) (1 —Cos s)

. 4. Show that the Fourier transform of f(x)={ a-xt, l<a
T , xI>a>0

X o0

is 4[Sin as - ?S Cos as J hence deduce that | (Sint—t Cost)/ £ dt = n/4. Using Parseval’s

- s ) 0 S ; o
. © N

identity show that | [(Sint—t Cost)®}* dt = n/15
0

FINITE FOURIER TRANSFORMS

Finite Fourier Sine transform:

Let f(x)-be-a function defined on (0, / ) then the Finite Fourier Sinetransform of f(x)is
defined as )

F{fx)} = | f(x) Sin(nnx / Iy dx = F(n) where ‘n’ is an integer
0 o
The inverse Finite Fourier Sine transform of Fo{f(x)} is given by

F(X) =21 Z Fs{fIX)} Sin(nmx/l)

n=
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Flmte Fourier Cosme transform
The Finite Fourier Cosine transform of #x) in (0,1)is

I
Fe{f(x)} = | f(x) Cos(nnx /I)dx =F(n)and the inverse Finite Fourler Cosine transform
of 0 ©
F{f(x)} isgivenby  F(x)=(1/ ) Fo0)+(2/1) Y F{f(x)} Cos(nnx / )
: ) n=1
- PROBLEMS s

1. rind the finite Fourier Sine transform and Fourier Cosine transform of f(x) = x* in 0<x</

 Ang) Fs{f0)} = =P )™+ 28 (1) -1] and chfgx)}izl3 CINE S

nn .
2. Find the Fourier Sine transform and Fourier Cosine transform of £f(x) = €™ in (0, /)

“Ans) __nnd [(-1)™ e¥+1]and __ ol [e"’ 1"-1]

azlz + P . &P+l )
3. Find the Fourjer Cosine transform of f(x) = Sin ax in (0, n)
Ans) 0 , ifn+aiseven
2n -
,az—nz , ifn+aisodd-
4. Find f(x), if its Sine transform as _ _
F(s)= 1—Cossn , O<x<m s=1,2,3, ... e .
. = o - :
Ans) f(x) = (2/’) Z [(1 ~ Cos nm) /n’] sin nx

S. Find f(x), if i_ts'Co‘sine transform is Fe(s) = Cos(2sw/3) ,0<x<1

IR
© o (2s+1)
Ans) f(x) =1+2 3% Cos(2sn/3) Cos(snx) -
-s=1  (@s+1)}

'ADDITIONAL PROBLEMS

1. Find the Fourier Transform of fix)=-J 1° for -]x|<1 "= = . -
o for x> I

- o0
Hence evaluate I f(x) & dx ’ R

Ans: {2[(Sm s)/ s] s#0 . L
s=0

2. Find the Fourier Transform of f(x)=J1-x’, [x|<1

0, K>1

Ans: 4/s® (Sin's - s cos s)

o0
3. Find Fourier Sine Transform of ¢ ™. Hence show that | x sinmx mx dx =re™ / 2 (m >0)
0 1+%

Ans: s/ (s3+ 1)
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4. Find the Finite Fourier Sine Transform of f(x) =lin0<x<m
Ans 1-(1) 1y
s

5. Find the Finite Fourier Cosine Transform of f(x) =1lin0<x<m
Ans: 0

6. Find the Finite Fourier Sme Transform and Finite Fourier Cosme Transform of fix)=xin
0, m)
Ans: Finite Fourier Sine Transform = [n(-17"] /s

Finite Fourier Cosine Transform = | (1 1), s=13.3, ......
ot o e {(23-1) 5
0 T, s=0

7. Find Finite Fourier Sine Transform of flx)=2xin0< x< 4.
Ans: (32 /nm) (-1)™! :

8. Find Fourier Cosine Transform of f{x) =[1 - (x/n)] in (0, @)
Ans: (2/1:) (1/sH)

9. Find the Fourier Cosine Transform of f(x) if fx)=] 1 T0<x<uR
-1 n2<x<m
Ans:{2/r Sin(rw/2) r>0. '
0 . =0

10, If-F(s) is the Fourier transform of £(x) then ET of jfax)] = _ '
(A)F (s/a) (B) F(as) - © (I/a) F (s/a) (D)aF (sfa)

11.If F(s) is the Fourier transform of f(x) then F{fx-a)}= . . )
- (D) €™ f(s/d)

(&) e (s) (B) e f(s) (€)™ flas)
12. The finite fourier sine transform of f(x) in the interval 0 <x tiis givenby
_ ;- / .
Aaaly I £(x) sin (nmx/ [) dx B) I “f(x) sin (nnx/ [) dx
.0 - : .0 - '
: I ' I .
© @/ j f(x) sin(nmx/ ) dx i Yexd) j f(x) sin(onx) dx

"KEY

0.c  1La  12b .
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Z - TRANSFORMS

Def:- If the function v, is defined for discrete values (n=9,1,2,....)and u, =0 for n<0,
then its Z-transform is defined to be T

Z (1) = U (2) = Z u, z" whenever the infinite series converges.

The inverse Z — transform is written as Z"! {U (z)] = u,.

_ Lineénty Property

If a,b,c beany constants and u,, v, Wy be any discrete functlons then
Z(aug + bvy — cwy) = aZ (un) + bZ (vy) — cZ(Wy)

Damping Rule
If Z (u;) =U(z)then Z (2™ u,) = U (az)

Cor. Z(a" up) = U (2)

Shifting u, to the Right .
If Z (us) = U(2), thenZ (us_ )= z* U (2) fork > 0

Shifting u, to the Left

If Z (u,) = U(2), then

Z(upw) =2 [U(2) —up - wz —wz? - . - vz Y

TWO BASIC THEOREMS

(1) Initial value theorem: If. Z (u,) = U(2), then w = Lt . U2~ —

Z-Y©

(2) Final value theorem : If Z (u,)=U(z), then Lt Um) = Lt (z-1) U(z) -
. n-»w z - I
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SOME USEFUL

ACE Academy -

Z-TRANSFORMS

S.No

Sequence u, (n20) Z —transform : U(z)
1 1L g Z(z-1)
’ # 2. |n? (ZZ+2)/(z-1)
.3, n : -z (d/dz) [Z (a"M)], p + ve integer.
4. &(n) = {(1) n=0 |1
nz0
50 {um=J0 n<0 |ZEz])
-1 n=0
6. a" Z(z-a)
7. na azl(z-a)’
8. |p% (a2 + a%2)/(z-a)’
. Z sinf
o sin n 22 ~2zcos + 1
. Z{_z—cos )
10. cos nf 22 -2z cosd +1
1" a" sin nd azsind
: 72-Daz cosd +a>
n 9 z(z—acos 0)
12. acosn 2’~Daz cosh +a’
: . z sinh 6
3. | sinhnd Z-2zcosh0 + 1
14. cosh nd z(z — cosh 0)
. - -2z cosh@; +1 ::
0. azsinh@
15. | sinhnd 72— 2az coshd + a*
16. |a"coshn@ z(z-a cosh 6) >
Z2-2az cosh +a
17. |a"u, U(z/a)
18, | unnt z [ U(2) - ug) .
Uniz Z[U@) ~w-uz']
Une3 z [U@) - v - wz' —wz?
19. |un~k Z*U(2)
20. (AU

AR

-z (d/dz) {U@)]
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Z

21 1 (1/m)u, -f 7 U2) dz
0

27 | Lt Uz)

Z-r?
23. Lt (uy) Lt [(z-1) U] ,
N> 7 -] 1.~

SOME " USEFUL INVERSE Z-TRANSFORMS

S.No _ {U@ Inverse z-trausform “u,
Y z !
Z-a
3 ..
3 T |0 EH @)
4. Z_l“ - aun-1) .
1
5. (z-a) (n-1)a"* u(n-2)
1
6. (z-a) 12 (n=1) (n-2) 2" u(n-3)

2" [U(2)] =u,and Z"' [V ()] = vy, then

RS |

=2 Up.Vom =U ¥

m=0

1. Find Z{a'i/ n'}

2.Find Z{1/n!}

3.Find Z{na""}

4.Find Z{1 /(n+ 1)}

5.Find Z{Sin(nn/2)} and Z{Cos(nn/2)}

CONVOLUTION THEOREM

Vop

___PROBLEMS

Ans: -z log(1 - 1/z)

Ans: _z_ & _Z
241 2+1
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~ 6. Z{Coshn0}. . Ans:  z(z - Coshb)
S 2% — 2zcoshd + 1
7. Z{Sinhn6} Ans; z Sinh8
; 72— 2zCosh0 + 1
Lo 8(a). Zf a"e"| - Ans; ¢’
8(b). Z[a"e* Ans; 1722
1 n . . - o
9. Z{Cos(n+1)8} Ans: ngose -1)z
Z' —22Cos0 + 1
10.If Z{f) = 722 .Find Z{fp}. .. Ans: 1972 -30z
T Z2-52+6 : : 252+ 6
1.If Z{Us} = 222+ 4z +12. Find U; and Uy Ans: 2and 12
@-1y ‘
12. Z{(n + 1%} . © Ans: 247
Z —_
13. Z{n Cosnb} Ans: Z’Cos - 27 + zCosh
_(z_2 —2zCos0 + 1)2
14. Z{(n - 1%} - Ans: Z-37+47

_ § -1
5. If Z{U(z)} =222+ 5z + 14, prove that Up=0, U, =0, U, =2 and U3 =13. -

z-1) ) :
16. Z{Cos(nn/4)} Ans: 1 (_z + 2
— 2 \z-1, Z+1]
17. 2{Sin’(an/6)} Ans:3[_ z8inn/6 }— -1 _z
4|22 -22zCos(nl6) + 1] 4 Z22+1

Ans: Z’Sina + zCosa
+1

18. Z{Sin[(nn/2) + o]}

19. Z{Cosh(an) Sinbn}

Ans: zSinb e + e
2 |Ze®+22¢%Cosb + 1 7%e® ~22¢*Cosb + 1

20.2{ 1 }
(o+1) (n+2

Ans: (z2 —z)log(1-1/z) +z
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21. Z{1 /n{n - 1)} Ans: (1/z) log{z / (z-1)}
22, Z{ 2n+3 )} Ans: Zz+1)log{z/(z~1)} -z
(n-1)(n+2

Find the inverse Z-—transforms of the following.

1.__z-4 Ans: -6(-2)""'+ 73"
Z+52+6 ’
2.7 - , Ans: %(3™ - 1)
Z-4z+3 o _
3. 42-2 Ans:2-2,2"+3n.2"
252 +8z-4
.4 z-4 Ans: 32" ' -(@-12""t -3
@z-1)(z-2) h -
5. Us¢ Convolution theorem, to evaluate Z| Z Ans:a™! _p™
. |z-2a)z-b) (a=b)
6.Showthat 1 1 _ 2" and 1 _1 1 _3" '
o nl ! WAt

7. Using Convolution theorem, show that Z'_'{

8. Find z‘{[ 2 }3} (using Convolution theorem) Ans: (%) (n+1)(@+2)

z-1)

Ans: (n® + 7 +4) 4"
(4—z)3 Co

Wz g )
E-DZF [~

z"{_log [Z_i_l] }

12. 2 -2 e
@z+1)?

13. z"{ z }
-1y

1

9.Find Z° {s'z-f }

 Auis: (%) ~ (%) Cos(nnf2) — (¥4) Sin(an/2)

—
I

,__Ans:fn:{_ 0 » NS
2

0
n -
(—l) /m, n 13}

Ans: §,=(-1)"".n

"Ans: f,=n

Ans: £, =[(-1)™a"m, n>1
0 , n<0

bl

Z* {log[1+(a/2)]}
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OBJECTIVES
01.Z{1/n} = '

(A) ez (B) ellz '(C) ell(z-l) (D) ellz__ 1

02.Z { sin{nn /2)} | (1))'z37(z2 1)

A z/Z+1) ®Z/@+1) (C)z/(z’—l)
03. Z(m*a") - o
(A)L_Lj__al +az (B) a(Z’ +az (C)(_)_r D) a(Z+az
(@z=1) o (az+1) (ZLH),J
04.Z" [z1@z+1)] = : ST
A1 ®) D" © n-(-rl) _(D)n—
05. Z — transform of unit impulse function is -
@1 ®)0 ©z Ya
06. Z — transform of discrete unit step function is. : . o
(A)z/(z-1) ®) z/ (z-1) © 72!z D)2/ (1)

07.1f z(u,) =u(z) thenup = -

A Ltu@ ® Lti(Z) "'(C)' Ltzu@ (D) Lt Zi@)
' P -l 7w z-l :

08. Which one of the following is incorrect

@ L2 [E@-w-wd=wy ® Lt u= Lt @-Du@
Z o« z—>1 Z oy« .

© 2t =2 [T -wo-w/d] (D) Zvwn) =22 -]
© 9. Z—transforms of 3" is - '

(A) Z/(z¥3) B) Z(z-3) (©) 32/(z-1) D) 3z3)

10. Z — transform of (-4)" is - ; ) L
(A) Z(z-4) ®P@4z) - (©de) - DAYz
11. Z - transform of (n.2") = T
(A)2z/ (z_-y)2 - (B)2z/(z2)} ©) z/(z-1) (D) 2z/(z+2)
12. Inverse z — traxﬁform of 2z/(z-1) is - :
@2 - ®) 12 ©=2 (D)-172 -
13. If z - transform of u, = f{z) then z transform of Uy, is i
W7 @) o Oufn - O
14. If z - transform of uy = (222 - 32) / (322 + 4) then ug =
- W23 ®)32 . - (C)0 D)-3/4
' KEY. -

A 3B 4B 5A 6A 7A 8B 9.B 10.C 1B 12.A
A .
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PREVIOUS GATE QUESTIONS

01. The Laplace transform of a function
2,
(0 is F(s)= St 2848 st e,
s(s* +25+2)

f{t) approaches
@3 5 ©172 @«
02. Laplace transform of f{t) = cos(pt + q)
is (P1-2005-2M)
@ scosq psmq ®) scosq+psmq
- st4pt s? +p?
ssing —pcosq d ssing + pcosq
s 4p sl 4pt

©

03. If F(s) is the Laplace transform of the
function f(t) than Laplace transform of

jf(x)dxls (ME-2007-2M)

@i ® 1RO
©) sFEE) -f0) () [F@)ds

04. Laplace transform of 8¢’ is

(PL-2008-1M)
@S ® S
S S
o2 @2
s -

. 05 _I.apléce transform of sin ht s

(P1-2008-2M)
1
O

1
@) =

© sf

06: Laplace transform of f(x) = cosh(ax) is

(CE-2009-2M)
a - S

(a)—zvs _52 (b) sz _aZ

©.3 j - @

(EE-2005-2M) .

07. Given thatF(s) is the one-sided
‘Laplace transorm of K1), the Laplace

wansform of t].f(z') dris(EC-2009-2M)
WSFO-F0)  © K
© e @ i{F'(s)'-f(O)]

0 - .

08. The-inverse Laplace transform of

Sl (e
@1 +e ®1-¢
©1 -¢* @1+et

09. Given f(t)=L" —3—32“-1— .
i s +4s° +(k-3)s

If Lt f(t) = 1then value of k is
t—> o (EE-2010-2M)

(@1 (@®)2 ©3 (@4
10. The LaplaEe trmaform of f(t) is
! The function -

s (s +1)
: : (ME-2010-2M)
(a)t 1+e (b)t+l+e '

(c) 1 + et d2t+e

11 u(t) represents the unit step funcuoﬁ
The Laplace ttansform of u(t—1)is

(IN-2010- IM)
.
@ — () ——
ST S-T
9 @™
S
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12. Given f(t) and g(t) as shown below KEY: ' ’
(EE-2010-(2M+2M)) 0l.a 02.2 03.2 Toric-8 ’ COMPLEX VARIABLES
A .
ft _ 04.d 05.a 06.b Complex Variables (Complex Numbers):
1 . :
07.b . .d : -
08.¢ 09 o ‘A Complex number may be defined as an ordered pair (x, y), where x and y are real numbers.
ot 10.a 1l.¢c 12.d o Which are called real and imaginary parts of Z respectively. .
0 1 - g " 13.¢ ' Thus the numbers of the form Z = x+iy where x, y € R(Real set) are called cotnplex
: . _ ) p
2 o) : numbers. The conjugate of a complex number Z= x+y is Z = x —iy.
Tatt . : :
1l ' ' ' ' : S Polar Form of Complex Numbers:
- Put x 1Cosb, y = 1Sin6 in Z =x + iy. Then Z =r(Cos0 + i Sin6) = re’® S
0 —t 4 > t - Thus Z = re® represents the polar form of the complex number Z = x+iy and Z Z =re™®. Where
12345 ' : : =¥ +yl is called the modulus and 6 = tan(y/x) is called the amphtude of the complex

_number.

® g(t) can be expressed as The particular value of ‘0’ satisfying the equation tan0 = y/x and which lies between -

(@) g() = f2t - 3) ’ . _ . ~ mand 7 is called the principal value of the amplitude.
(b) g(t) = f(v2 - 3) . B - g . : ,
(c) g(t) = f(2t—3/2) . . Propertles of Moduli and amplitude of complex numbers:

d) g(t) = fiv2 - 3/2
¢ ) g =f2-372) a) Modulus of sum or difference of two complex numbers.is always | less than or equal to thelr

(ii) The Laplace transform of g(t) is * sum of their moduli.
TR T . S 1Zy+Z,| < |Z4] +|Zo]
@ " -¢") () fe” e o - Bzl
e 2 1, s s ' o .b) The modulus of difference or sum of two complex numbers is always greater than or equal
© T[I -e7] () St el _ : T o to the difference of their moduli. :
o . - - Z1- 25| 2124} - |Z2]
13. If u(t) is the unit step and (1) is the _ _ 225 2 124) - 22|
unit impulse function, the inverse . o , , ¢) The-modulus of the product of two complex numbers is equal to the product of thelr
: N . S e _ %l 7 moduli is
ztransform of F(z) =77 fork2 0is T e LT  ZiZaZs. 2T T 1Z) e Iz

(EE-2005-2M) d) The modulus of the quotient of two complex numbers is equal to the quotient of their

@580 T ()30~ (1) modul e, iz = 2 12

© <D  u) (d) u(k) __'-j(_l * ' . e) The amplitude of the product of two complex numbers is equal to their sum of the
amplitudes \ is if Z; = rye’ % and Z; = e .

- | __ Then |ZiZy}=ryr;€'®*® ] -

" f) The amplitude of the quotient of two complex numbers is equal to the difference of their

amplitudes i.e. 1le22| =1/, e®®
g) If the amplitude is n/2. Then the complex number is purely imaginary, but if the amplitude
is 0 or n. Then the complex number is pqrely real.

Neighbourhood- of a point Zo: The set.of all points within the circle whose center- is Zy, is
called neighbourhood of a point.
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Analytical Functions:

A complex valued function f(Z) is said to be analytic at a point Z, if f(Z) is
differentiable not only at Z, but at every point of some neighbourhood of Z,.
. A complex valued function f(Z) is analytlc ina reglon R, if fi(Z) exists at every point
of theregion R.

Note: An analytic function is also known as regular, holomorphic, monogénic function.

Entire Function: A function f(Z) whlch is analytic everywhere i in the complex plane (argand
plane) is called an entlre function.

Cauchy - Riemann(C - R) Equations: The Cauchy — Riemann equations are 7a.pplied to
determine whether the given complex valued function f(Z) = u + iv is analytic or not. _
1. The C.R equations are given by N
' dw/dx = dv/dy and Bu/dy = - dv/ox
Sorux=vyanduy=-vy
2. lff(Z) is defined in polar form then the C.R equations in polar form are given by

Awor = 1/r &v/00 and dv/or = -1/r 6w/
orvg=ruandug=-rv;

3) Harmonic functions: Any function ¢(x, y) satisfying the Laplace’s equatlon A% ¢ 0.
ie., (0% 1 D)+ (62¢/6y2) 0 is called an harmonic function.

Theorem: If f{Z) = utivis an analytlc functmn. Then the real and imaginary parts u and v
" satisfy Laplace’s equation. (i.e, u and v are harmonic).
Thus (Fw/ax’)+ (Pw/dy’) = 0 and (Fv/ax®) + (FPvidy’)=0.
Note: The polar form of laplace’s equations are given by ruy, + ru, + ug = 0 and
rzv,,+rv,+vee=0 -

Propertles of Analytlc Functmn o ' R |

TIf f(Z) and g&)ﬁreranalytlc, then f(Z) e g(Z) f(Z) g(Z)"f(Z)/g(Z){g(Z)-*—DJ are also
analytic.
2. Iff(Z) is ahalytic, then it is differentiable and continuous,
i.c., (analyticity = differentiability = continuity).
3. The denvatlve of an analytlc function is also an analytic functlon
4, lff(Z) utiv is analytic;thenthe family of curves defined by u(x,y) = C; and v(x,y) Cz

form an orthogonal system. ie., u(x,y) = C; are orthogonal trajectories of v(x,y) = C; and.
vice versa.

5. The real part u(x,y) of an analytic functxon f(Z) = u(x,y) + iv(x,y) is known as the
. Conjugate harmonic function and is uniquely determmed upto an-arbitrary real addltlve
constant.

.Note: The hiiﬁnonic conjugate here is not to be confused with the conjugate Z = x ~ iy:
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- m
CONSTRUCTION OF ANALYTIC FUNCTIONS /

DETERMINATION OF CONJUGATE FUNCTION
I) Method (Total Derivative Method): _ ' '

a) Let the real part u(x,y) of an analytic furiction f(Z) u-Hv be given.
Then to find v(x,y) we proceed as follows . Smce v isa functlon of x and'y. The total

~ derivative of v is given by

dv = vidx . dx + dvidy . dy ::'::':_-.'-:;‘-;(1)

. By using C.R equations u, = vy & uy = -v; equation (1) can be written as .
dv=-dudx +du dy ceeeeraie ) '
dy - ax '

The R.H. S_oﬂh&above equation is of the form M dx + N dy where M= -aulay & N aulax
- OM/dy =- Su/dy* and ON/Ox = Fu/ox®
Since u is harmonic, it satisfies Laplace equation. i.e., (Fwex®) + (62 Woy)=0=
oM/dy = dN/ox
Hence equation (2) is an exact dlfferentla.l equation. Therefore integrating (2) both sides we
get V= I(—uy)dx+fuxdy+C
Note: While integrating I(-uy )dx keep “y’ as constant and while integrating fuy dy.
Integrate only those terms which are independent of ‘X’ (i.e., only those terms of u, which do
not contain x). If equation (2) is not exact, it may bé reducible to exact.

b) Sinilarly when v(x,y) is given. Then to find u(x,y). We use the total denvatl\e ofu_
du=ouju + ou dy
ox ay ;
du=wy fix - vy dy
= u=[vydx-Jvydy+C :
Thus the analytic function is f(Z) =utiv .

. Examples:
1) If the real-part of an analytic function is glven by u(xyy) =x*- y2 y. Then ﬁnd v(x,y)

Given u(x,y) = - y2 -y
“ouox=2x ouloy=2y-1
o dv =] (-oudy) dx + lowox dy..

-dv =] (2y +1)dx + [2x dy (Exact equation)

.dv= 2xy +x
Thus §Z) =u '+ iv = (xyPy) + i(2xy + x).

2. 1f the imaginary part v(x, y) = Y2~ . Find u(x, y

du=(8v/8y) dx - (ov/ox)dy
fdu= IZ_)_( dx+ [2x dy (exact equatlon)

u=2xy C A7) =utiv= 2xy FiP - =iz _
3. Ifu=¢" Cosy -find v(x,y) L
dv=[(-du/dy) dx + I(au/ax)dy _ : I
“Jdv =Je*Siny dx + fe* Cosy dy - (Exact equation)
v=¢" Siny

~f(Z)= eCosy+1e Siny
i . =¢ (Cosy+JSmy) =¢.
" ThusfZ)=é% - -
Milne - Thompson Method:.
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In this method, we get f{Z) in terms of ‘Z’, irrespective of whether u(x,y) or v(x.y) is given.
L If u(x,y) is glven
Take f'(Z) =uc—iuy

Replace x by Z and ybyOinf (Z)

Then mtegrate £ '(Z) with respect to Z.
IL If v(x,y) is given

Take f (Z) = vy +iv, -

Replacex by Z and yby 0 inf'(z).

Then integrate f! (Z) with respect to ‘Z’.

Examples: e

1. Ifu= ) log(x2+y2) Find the analytic function f{Z).
Letf (Z() U —iuy
uy = yix+y?

l(Z) x/x2+y2 —iyAy
put x=Z and y = 0. Then we get
' fY2)=1Z2+0
'@y =lwzydz

f(Z)=logZ

2. If the real part u(x,y) of an analytic functron f(Z) ise (x Cosy y Siny). Find f(Z)
=¢* Cosy + €*(x Cosy — ySiny)
uy =¢&" (x Siny ~ Siny -y Cosy) - .
Put X= Z and y= 0 in the above equations Then
Ze +ef=e (Z+1) ; =0
f'(Z) z+) '
fZ) =[@Z+1)dZ =Ze%

EXERCISE 1

1. For what values of a, b and c, the function deﬁned by f(Z) = (x+ay)+1(bx+cy) is analytic.
a)a—lb =2,¢=3 - bla=dhec=] - - ga=b=c=1" d)noneof—theabove

2. For what values of a,b c and d, the functron defined by f(Z) = (xzﬂxrt-by?)
i (cx’+dxy+y?) is analytic.
a)a=d=2b=c=-1 : bla=c=-1b=d=3
cJa=2b=1c=2d=1 d) none of the above )

3. The value of ‘P’ for which the function defined in polar form as fZ) =7 C0s20 +ir?
SinP0 is analytic. - _ :
a)P=0 b)P=2 c)P=-1 _ d)none

4. The value 6f<P” for which the function is defined by flx) = (1/2) log(x>+y?) + i tan™\(Px/y)
is analytic
a)P=1 b)P—O )P=-1 d) none R B
5. An electrostatic field in the xy — plane is.given by the potentxal function ¢ = x> — y2 Then
the stream function ‘g’ is :

a) x2 b2y ¢) 2xy Fra
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6. If the potentlal function is log(x fyz) Then the stream function is :
a) tan”'(y/x) b) 2 tan™ (y/x) ¢) ¥ tan™(y/x) d) none
7.In the complex potentlal function f{Z) = ¢+ Y. If y = " Siny. Then ¢ is
a)e™ Siny b) e* Cosy c) e™ Cosy d) none
*8. The analytlc function f(Z) whose real pan isu=x*-3xy"is
a)iz® YA DYA d)none g
9. The analytic function f(Z) corresponding to its real part u =2x — X +3xy7 s :
Q)f2)=22-7 ©B@)=7 = 22 dynone
10. If u(x,y) (x-1)° ——3x513+3y2 Then f(Z) in terms of <Z’ is ' o
a)z’ b) (Z- 1) ¢) 4372 d) none
11, If u(x, 2') &* (xCosy — ySmy) Then f(Z) is -
a) 7% b) Ze* c) e d) none
12.ffu-v= ¢ *(Cosy — Smy) and £(Z) is analytic then o
a)f(Z)=¢* b)e? c) et d) none

13. The function W = Z? is
a) Analytic everywhere  b) analytic only at (0,0)-  ¢) no where analytic d) none

14. The function f(Z) = &” is an : _ : .
a) entire function b) no where analytic <) analytic only at (0,0) _ d) none

15. The value of b’ for which u(x,y) = eb"‘Cos5y is harmonic.
a)b=12 b)b=15 cyb=0 d) none

16. The orthogonal trajectory corresponding to the family of curves
v(r, 8) =1 Cos20 -r Cosb +2 is L -
a)1Sin6 +C - b)-rSin20+rSin6+C - - ¢) re>"® d) none

17. If u= ¢ Cos(log r) is harmonic. Then v(r,0) is -
a) ¢® Sin(log r) b)e® log(Cos 1) ' ¢)e® Sin(log r) d) nene

18. Ifu=- 7 Sin30 is harmomc Then its harmonic conjugate v(r,0) is- e
a)r Secd b) r’ Cos30 ¢) 7 Sin30 d) none of the above

19. The analytic function f(Z) is such that Re{f ()} = 3x? —4y—3y* and f(1+1) =0. Then
RZ)is

2 262 b) iz YL d) none
20, If Im{f'(Z)} = 6x(2y — 1) and f(0) =3 - 2i; f(1)=6—>5i. Then f{1+1i) is
a)-6+3i : -b)3i-6 c)0 d) none .
KEY

b 2a 3b 4c 5b 6b 7.b 8b 9a 10.b 1Lb 12.a

13.a14.a I5.b 16.b 17.¢c 18.b 19.a 20.a
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Complex Line IntegraIS'

Let f(Z) be a complex valued function. Then the complex line integral of f(Z) along
the given path ‘C’ is denoted by [ f(Z) dZ . Where *C’ is the given path of integration.

Note: Every complex line integral can be expressed as a real line integral.
If f(Z) = ut+iv and dZ = dx+i dy.
Then Cl f(Z)dZ =Cl (utiv) (dx+i dy) = Ic (udx-vdy)+ i-£ (vdx+udy)

" Properties of Line Integrals

1. Linearity property: : : : | —
Ik f2) + e f2)) 42 = ki [fZ) dZ + K, [f(2) dz

‘b a -
2.{ f(Z)ydz=-[ f(2)dz .
a b -

3. Partitioning of paths: If C is expressed as C;+ C,

le(Z)dZ = £f(Z)dZ +le(Z)dZ
- 2
4. ML - Inequality:
| [ f(Z) dZ | < ML where [f(Z)] < M every where on ‘C’ and L is the length of the curve ‘C’.

Note: If the integrand f(Z) is analytlc Then the line integral is independent of the path of
mtegratlon

Examples:
l.Evaluatel(le —_iy) dz along a)y=x & b)y=x"
—a)7 Alongy X; dy—d;edz dx +idx = (14) dx o
*Alsox —iy= gx —ix) - : '_
(1+1) 1 1 '
I(x ~1y)dZ I(x ~ix) (1+i) dx = (1+1)l(x2—1x)dx
~(_1+1) [x'3 - 1}(2/2]0 = (1+1).[1/3 -i2]

§+1) (2-3i)/6
G-i/6 - -

- b)Alongy=x2:>dy=2xdx.

~dZ=dx+ i2x dx = (1+2ix) dx
{1 ﬂ) 1
I‘(~x - iy)dzZ= I ? —1x)(1+21x)dx (1-1)1 X (H2ix)dx -

—(1 DB +2a (x4/4)] = (1 -1) @+3i)/6 = (5+)/6

" ACE Academy.
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EXERCISE -11
(1-9)
[ 42 dZ = -
3 Cy :
a) 16 - 4i b) 18 -- 4i c)0 d) none
- - - (3+)
2. The value of the integral l 7*dz alongy=x/3is ,
a) (6 + 261)/3 b) (6 + 211)/3 Vc) 0 d) none
442i) ' ' '
3. The integral | Z dZ is -
0

a) Is independent of the path joining 0& 4+2i
b) not independent of the path joining 0 & 4+2i. -

¢) The value of the integral is zero d) none of the above

4. cl(Z+l) dZ where ‘C’ is the boundary of the square with the vertices at the pomts 7=0,
Z=1, Z=1+i & Z=iis
a)2rni _ b) 0 ) 3i d) none

5. l dZ/(Z-a) where * is the c1rcle |7 —aj=ris

2)0 by . ¢ 2ni d) none
6. I (Z-a)" dZ where *C is |Z al=ris o

a) 0 . - b) 2z ‘ c)2"@i)® "~ d)none

7. The value of the integral l Z- Zz) dZ where °C’ is the upper half of the circle 1Z-2|=3
. Is .
2)29 b)15

8. The value of the, mtegral [Re(z) dz,if Cis the shortest path j _|ommg the pomts 1+ to 3-I 21
is . :
a) 3+2i C b)4+2i

30 _ d) none

c)— 4 21 . d) none

9. The upper bound for the absolute value of the integral | (e% - Z) dZ. Where ‘C’ is the
boundary of the triangle with the vertices at the points Z = 0, -4 and 3iis’ :

23, . . . .. b2 ... . c)4 d) none
10. The value of [(Z* - Z +2) dZ. Where C’ is the upper half of the circle {Z| =1 taken in the
C positive dlrectlon is
a)-173 A b) -14/3 c)18/13 d) none
: , S :
.Jzetdz . . is

o

a%[l-1/e] ‘b)%fet-1 90 'A)hdhe‘ -
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7
12.fCos Z dZ
0

a) Sinn b)iSinn . ¢)iSinhn

2i
13.[SinhZ dZ is
0
a)Cosh2 -1 b) Cos2 - 1 c) Cos2

2%
14.{Z*Sin4ZdZ s
0
a) 2 b) 2n -7

. 15.?2 CoshZ*dZ is
-;) 3 ' b) lni : )0
4w ' |

16, {edzZ s

' a)le a ‘ b)-2e c) 2wie

17. The upper bound for the absolute value of the integral I 7rdz
from 0 to 1+i.
)22, M=2,L =2
c)-2\2, M=1,L=3

b) 243, M=3, L=1

d) none of the above

. ACE Academy

d) nohe

d) none

d)o

d)none

d) none

‘C’ is the straight line

18. ] dZ/Z*+1 where ‘C’ is |Z) = 2 in the first quadrant. Then the value of My, is

© w3 " by a2 )0
KEY: o — N -

Lb 2a 3a 4b 5¢ 6a 7Tc 8b 9c

13b 14.¢ 15¢c 16b 17.a 18.a

Cauchy’s Integral Theorem:

d) none

1.b 12.¢

If f(Z) is analytic in a simply connected regmn ‘R’ bounded by a closed curve ‘C’.

Cﬁf(Z) dZ=0 —

Example:
1. EvaluateQ(5Z* - Z* + 2) dZ around

a)|Zl=1- b) square vﬁﬂfertwes (0,0) (1,0) (1,1) (0,1)

Solution: The function f(Z) = 5Z* - Z* +2 is analytic everywhere. “Therefore by Cauchy’s a

mtegral theorem Qf(Z) dZ = 0. Since the given regions are closed regions.
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Cauchy’s Integral Formula:

If f(Z) is analytic inside and on a simple closed curve ‘C’ and‘a’ is any point inside
“C” then f{a) = 1/2i [f(Z)(z-2) dz

Note: The cauchy s integral formula expresses the value of an analytic function at an interior
point of aregion ‘R’ in terms of its values on the boundary of the region.

Cauchy s inequality: Iff(Z) is analync inside and on a circle ‘C’ of radius ‘r’ and centre dt
Z=a.Then |f'(@)| <M.n!/*forn=0,1,2,......... etc. o
Where M is a constant such that |f(Z)] <M on ‘C’ ie,Misan upper bound of {f(Z)I onC.
Note: The Cauchy’s integral formula for the n® derivative at Z =a is given by -

{"(a) = (n! / 2mi) CI f(z)/(Z~a)"" dZ -

Problems on Cauchy’s integral formula:

1) Evaluate I e /(Z+1)4 where ‘C’ is the circle [Z| = 3.

Clea:ly the point Z = -1 lies inside |Z| =
By the general formula [fzZ) 1 (z- a)“+| dz = 21tl/n' f'(a)

Comparing with the given integral we have n=3,a=-1 f(Z) Z
. . o o gZ) 2eZZ £1(2)=4e%
: t“ (Z)=8¢*
Hence| €2 dZ = 2mi/6 xf'(-1)
C (Z+] )4 :

[_e2 dZ = (8B3)nie?

2. ISlthz'i'COSTtZ 1dZ where °C’ is the circle [Z] =
¢ @-n@z-2
“Since __ 1 =_1-1_

@ZH@Z2 22 .21 o o
- | SinnZ?+CosnZ? dZ = [SinnZ + CosnZ’ dZ ~ | SinnZ? + CosnZ? dZ
¢ @ney @-2 -1

" 2mi x f(2) - 2mix (1)

2mi [ Sindn + Cosdn] - 2i [ Sinm + Cosn]

2mi—(2m) = 4ni

EXERCISE -1
Evaluate by Cauchy’s integral formula/Residue Theorem.

1 Idz/(z2+9) where ‘c is the circle 1z-3il =4 is" SR
an . bymw2. w3 d)None

2)J_idZwhere‘c’isthecirc]e_._li—'.il-'.¥4;is _ , S
¢ (Z2+1) © a)m(Cosl +isin) b)2nisinl )0 d)None
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M
»)f{anZ dZ where ‘¢’ is {Z] = 312

“@-1) 2)2mi b)0 O2nitmnl - d)none
4) [cosnZ dZ where ‘c’ is the rectangle bounded by the vertices + 2 +i '

(Z -1) a)O b)2mi on " d) none
J)f ¢ dZ where ‘¢’ is [ZI =3 : R : : B |
(Z—l)(Z -2) a) 2mi (- e) " b)2ni (e"--‘-ez.)v; S Q) %el " d)none
6) J SmZ dZ where ‘¢’ is |Z+2| = : : :

¢ (22 -iZ+2) a0 - b) 2m e 27: . d) none:

7) Evaluate problem (6) when ‘C’ is rectangle wrth the vemces (1,0); (1 3) ( 1 ,3) (-1 ,0).

a) (2ni/3) Sinh2 - b) (2mif3) Sinh2i- c)0 d) none of the above
8.] &% . dz where ‘c’isthe circle [Z] =2 o —- :
©@Z-1 - a)4nif3 b)8mie’/3  c)8w3e’.  d)none
9.1 CosZdZ where ‘¢’ is|Z-1] =3 - :
¢ (Z-m a) - 2mi b) 2ni Som " dy none of the above
ﬂ)f _Sin’Z_ dZ where ‘c*is izl =
(Z 1t/6) ~.a)0 b)-1ri c)wi d) none
il I Z dZ where ‘¢’ is IZI ‘ . c
(z+1) a) 8nie’ b) 4nie  ¢)2ni dynone -
12, Iz+21 dZ where ‘¢’ is|Z| =3 _ ' .
z a) 2ni b) ni )0 " dynome
13.] Sin3Z dZ where ‘¢’ is|Z] =1 - '
¢ (Z+n/2) 2)0 b) 2xi - ¢)-2mi d) none
4.0 744 dZ where‘c ’ile]=1 . S
©Z57%5 a0, . b)2mi Qe2nii . dymonel ...

ISI &2 dZ where ‘¢’ 1s|Z—1[ =1

(zz+1) Annri-1)2  b)2r-i)/6 )0 d) none of the above

16.] ¢+ ZSinhZ dz vhere *c’ is 2=

¢ (Z-mi) a) — (1+xi)2ni b) (I+ri)2ni  ¢)0 d) none -
17.J__ZH _dz where‘c'is|z] = 1. L

<727 a)- 3mi b)-3ni2 32 dynone . -
18. { 57— 3Z+2 dz where ‘c’ is a circle containing the pointZ=1 .. .

Z-17 | a)sm ‘ b) 10mi c)4ni d) none
KEY '

a’ -
14.a 15.a 16.a 17.b 18.b

Le 2b 3¢ 4a 5 6a 7a -8b 9.2 10.c’llb 12a 'l—3l- 7
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Taylor’s Theorem: If f(z) is analytic inside-acircle ‘C* with center at ‘a’. Then for all *z’
inside ‘c’.
f(z) = f{a)+ (z—a) @) + (z—a) @) +..... = Z a, (z-a)"

21 =0 : -
Wherea,=_1_ [ __fiw)  dw -

i ¢ (w-a)™

Laurent’s Series: If f{z) is analytic inside and on the boundary of the ring shaped region R
bounded by two concentric circles C; and C; with center at “a’ and respectivc radii rand 1
(r} > ;). Then for all ‘z" in R
. L. 00 R C o B . )
f(z) =2 a,(z-a)" + X by(za)”
n=0 n=1 : ' ) -
wherea,= 1 | 1)dwn012 ........ '
211:1 ¢ (w-a)"+l '

where b, = I fiw) dw .n=1,2,3.......
’ 2m ca (w-a)™
Note (1): Maclaurin’s series is a particular case of Taylor’s Series, i.e., whena=0.

Thus f(z) f(0) + zf'(0) + 22 £'(0) +..
T

... is the required Machaurin’s series.

Note (2): In practlcc the Laurenls Series is obtamed by rearrangement, manlpulatlon and
using

standard senes expansions (borh Maclaunn 'S & Taylors) and not by using the
formulae for

a, and by,

“Note (3) The region of convergence (vahdlty) of Laurents series is the annulus region
n<|z-al<n. :

‘ - TYPES OF SINGULARI' l‘IES : S
1. Zeros of {(z): The values of z for which f(z) = 0 are called zero’s of f(z). —
If f(z) is analytic in the nelghborhood of z = a. then the Taylor’s series of f(z) is glven by

[= o]
flz) =% az(z-a).
n=0
fag=a=a=........ =a,, = 0. Then z = a is a zero of order ‘n’. (a, # 0)

2. Isolated Singularity: If z = a is a singularity of f(z) and if there exists no other singularity

~ within a small neighborhood surrounding the point z = a then z = a is said to be isolated-——=

singularity.
eg: f(my=_z+1
z(z- z(z-4)
Here z =0 and z =4 are isolated singularities since there exxsts no other smgulanty around
the points z=0 andz=4.

Note: In the Laurent’s series, the term
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Z a,(z-a)" is called analytical partand = b, (z-a)™ is called the principal part
n=0 n=1

3. Removable singularity: When all the coefficients of b, are zero, i.¢ if the principal does
not

exist then z = a is a removable smgulanty (ie. If lim f(z) ex1sts ﬁmtely)

zZ->a (z —a)
Eg: f(z) =sin (z-a) , z=a is a singularity. ’ e
z-a) :
=1 [(za) - (z-a) + (z-a)’...... ] =1- (z-a) + (z-a)'........
z-a 3 5t KIS | .
Hence z = a is a removable singularity also lim  sin (z-a) = 1 finite

Z=a. (z-a)
4. Poles of f(z): In the Laurent’s series if the principal part contains a single term say (by/(z-
a)) then
z = ais called a simple pole or pole of order one, sumlarly if the principal pan contams
terms upto
b/ (z-a)>. Then z = a is a double pole. In general if the principal part contains a ﬁmte
number of
terms say ‘m’ terms i.e. upto (bn/(z-a)™). Then z = a is called a pole of order ‘m
eg: (1) f(z)= € ;z=3 isasimple pole
z-3 .
2)f(z)= z=1adouble pole and z = + 3i are simple poles.
(z-1)° (z2+9) -
5: Essential Singularity: If the principal part contains infinite number of terms i.e., infinite
number
of negative powers of (z—a) then z=a s called an essential singularity of f(z).
eg:fiz)=e"®P=1+1_ +_1 +_1 _+ ..
z2  2(z2)? 3Yz-2)
Here z =2 is an essential singularity.

6. Isolated cssential singularity: The limit point of zero’s is an isolated essential singularity.

7-Non —Isolated Esscntlal Smgulanty The limit point of polés isan Non - Isolated
essential

singularity.
1. Expand f(z) = ” about z = a (i. in powers of z - a).
f(Z) = ez-ad-a — ea e(z a)

[o o]
=Y (z-—-a)°
n=0 n! _
2. Expand f(z) = _a_ about z,.
bztc
f(z)=_a_ = a
bz+c bz-bzy+bz+c

= 1 a
(bz +c) [l * b(Z—Zo)J

bzp+c

'ACE Academy
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Let bzg + ¢ = d and b/d = e. Then we get
fa)=afl 1 ) -2 rieiez!
d (l +e(z-2) q [re-a)]

Then by binomial theorem we get

[o o]

f(z) = Q[ T (e (z—-z) Hence

d \n=0

= a (- (z )" (where k- zl<l) .
bzy +¢ b74,+c e

EXERCISE - IV

Find the Laurent’s series about the indicated singularity for each of the-following functions.” o

1_e® atz=1 : 2.(z-3)sin _1_atz=-2
-1 o z+2
3.z-sinz atz=0 4. 'z. atz=-2
T ' “(z+1)(z+2)
5. 1 atz 3 6.5sinz at z=n
Z2@z-3". (z-m) _
7_ €% atz=1 8.1 _atz=0
(z-17 : ' 1+7
9._ 3 atz=1 10. 1 at z=0
3z-2 z-1)z-2)
11. z-1 atz=1 12._ ¢ atz=2
z z(z+1)

_ ANSWERS
1. KZ-1) + 2 NZ1)% + 262(Z-1) + (452/3) + ("2e?/—3)(z-1) F o
2. 1 = SZ42) ~ (L6)Z+2) + (SI6NZH2Y + ...
3: (1Y) = (Z2/51) + @7 + eevvvenns

4.20Z42) + 1+ (ZA) + (Z+2) + oo

5. (USNZ-3 - QRINZ-3) + (127) =4 =3 243 v

6.-1+(Z w31 Q(z P A1 B ; _
7. ' INZ-1) - [IZ-1) + 1/(2!)-.=(Z-1)/3_! SRR, |
8.Z(-1)Z"

9. 3/ -GHYZ-1)+ _(9/83 - })2



[

l’52 BASIC ENGINEERING MATHEMATICS ACE Acad¢my
10.(172) + GIA)Z + ()2 HASIN6) 2P + ..........

WO
1% (D™ nz-1)

n=1 ,
12. (e2/6) (1 +(Z=2)6 + (IBOWZL =2 + ...

o - EXERCISE -

Whal kmd of singularities the following functions have at the indicated points.

LIl -€9) atZ=2ni

~a)asimplepole b) pole of order3 . ¢)removable singularity  d) none

2.1/(SinZ ~CosZ) atZ =w/d
a) essential b) removable c) simple pole d) none

3.CotnZ/(Z-ay atZ=a ,
a) simple pole _ byadouble pole c) essential - . d) nore

4. (Z2+4)1 ¢ at Z=w, _ :
a) essential singularity ~ b) isolated essential singularity c¢) simple pole  d) none

5.f(Z)=Sin(1/1-Z) atZ=1

a) essential singularity b) isolated essential 7 c)botha& b d) none
6.(1-¢9/Z" aaZ=0 o :
a) simple pole - b) pole of order 4 c) pole of order 3 d) none

7.(1-CosZ)/Z at Z=0 .
a) essential singularity ~ b) isolated singularity ) removable singularity’  d) none

) f(Z)=e¢" D az=2

a) simple pole b) essential singularity: - ¢) zero of f(Z) . d) none
NFZ)=1/Z(-1) aZ=0 :
a) simple pole b) pole of order 2 _ c) pole of order 3 d) none
. o S
10)f(Z)=Z % the pointZ=0is .
a) an essential singularity b) simple pole ¢) pole of order 2’ d) none
1) fZ) =22 =1 [(Z+1)(Z-1)’ the point Z= L is _
a) a simple pole b) pole of order ‘3’ c) pole of order 2’  d) none

~ 12) For the function f(Z) = 1/eZ which of the following statement is true
__a) the function has no zeros _____ b) the function has no smgulantles
c) The function has infinite singularities  d) none of the above - ‘

KLEY:
LLa  2¢ 3b 4b 5c¢ 6c 7c 8b 9:b '10.a ll.c I2.b-

Evaluation of-Residues at the Poles / Singularities

L4f Z=ais asimple pole of f(Z) then Residue of f(z) atz=aislim (Z-a) f(Z)
Z>a
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2.IfZ=aisa douole pole then Residue of f(z ) at Z = ais lim {ddZ (Z - a)z_ f(Z)}
Z—)a

3. In general if Z=a is a pole of order ‘m’
Then Res of f(z) at Z=a is ( 1/(m-1)!) Lim {dm ldz™! [(Z a) . f(2)] }
-Za- .
Note: If f(Z)=¢(Z)y(Z) and Z=a has a 51mple pole at z=a where ¢(a) # 0 \y(a) 0 and \y (a)
# 0 then the residue of f(z) at Z=a is given by d@)w'(a)

EXERCISE - VI C,
Find the poles, singularities and residues at each pole for the following

1. e%)zZ-1) 2.(Z-3) Smgl/Z'l'Z) :

3.(Z-SinZ)/ Z} 41172’2 (Z-3) 5.4

6. (22-27) 1 (Z+){Z*+4) 7. Cosec’Z 8. (CotZ . Coch)/Z3

9. (9Z+i)/ (1-CosZ) 10. 2/ (Z-1)X(Z+2) 11.50Z/ (Z+4)(Z-1)*

12. (1+Z) / (1 - CosZ) 13. 3z/zz+2z+5 14. (4Z - 3)/2(2-1)(2 2)
15.1-¢%/Z} 16. 1+e” / (SinZ + Z CosZ).

17. Tan Z between 0&n 18.Z4Z" - 1) .

19. ZeZ (7% 20. Find Residue at Z=0 for Cosec’Z/Z’.

ANSWERS

1.Z=1apoleoforder3 ; Res=2¢

2. Z = -2 essential singularity ; Res=-5

3. Z=0 is a removable singularity ; Res=0

4.7 =0, 3 are poles of order 2’ ; Residues are.2/27 and =227

5. Z=2 essential singularity ; Res =2e '

6. Z =-1 double pole Res =-14/25 ; Z=+2i s1mple poles Res : (7+i)/25, (7-1)/25
7.Z=nnforn=0,1,......... etc ; Res e

8.Z=0 ; Res=-7/45 )

9.PoleZ=0Res=1 ; Z=Hi, Res= -51 41 i

10. Z = -2 Simple pole Res= 4/9 Z=1 double pole Res = 5/9

11.Pole Z=-4i Res=-8 ; Pole Z =1 double pole Res=8

12. Z=0 Simple pole ; Res =2 . )

13.Z = -122i simple poles ; Residues are (3/4)(2 - 1) and (3/4)(2+1)

14. Simple poles at Z=0, 1,2 7 Residues are -3/2, -1,50. -

15. Z=0 is a pole of order 3 ; Res= -4/3
16. Z=0 is a singular point ; Res

17. Z=n/2 is a pole'in 0<Z<m ; Res =-1.
18. Z = %i & Z=+1 are simple poles Residues.are i/4, -i/4, 1/4 and —1 /4 respectlvely
19. Z = ai are simple poles ; Residues are ¢”/2 and ¢"/2. -

20. 1/6 A .

Cauchy’s Residue Theorem

If f(Z) is analytic within and on a simple closed curve ‘C’ except ata ﬁmte number of poles
inside “C’. Then . _ ‘

,l f{(Z)dZ = 2ai x [Sum of the residues at the poles ms:de ‘C’] U
Note AII the problems of Exercise — [H can be solved by using: Cauchy s. Resuiue
Theorem.
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IMPORTANT FORMULAE

1. Relation between Circular and Hyperboljc functions:

a) Sm12—18th '

b) CosiZ= CoshZ |

~¢) TaniZ =itan hZ

d) CoshiZ=Cos Z

e)SinhiZ=1iSinZ

f)tan hiZ =i tanZ

g) tan Z = (Sin2x + i Sinh2y) / (Cos2x + Cosh2y)

h) CotZ = (Sin2x — i Sinh2y) / (Cosh2y - Cos2x)

i) SechZ = (2CoshxCosy — i 2SinhxSiny) / (Cosh2x + Cos2y)
" j)tanhZ = (émhzx +1 Sin2y) / (Cos2x + Cosh2y)

k) SecZ = (2CosxCoshy +i ZSixﬁ(Sinhy) / (Cos2x+Cosh2y)

D) CosecZ = (ZS_im_(Coshy ~12CosxSinhy) / (Cosh2y — Cos2x)
2. Zero’s of (Z) -

1.Z)=SinZ ; Z=inmnforn=0,1.2,........ 7 . —_—

2.f(Z)=CosZ ; Z= :1:(2n+l)1t/2 forn = 012 ‘ -

_ 5. f(Z)=tanZ ;

" 3.f(Z)=SinhZ

5 Z =inmni forn=0,1,.2, ........
4.6Z)=CoshZ ; Z= _+_(in+1/2)ni/2 forn=0,12,.......
Z=4nnforn=90,1,2,........ .
6.f(Z)=CotZ ; Z=1@n+n2forn=0,12,.......
7.f(Z)=tanhZ ; Z=ianifor n=0,1,2, ........

8.f(Z)=cothZ ; Z=1(20+1/2)mi, forn=0,12,........

8. (1) I+ _ \[2 (14) 2ntlim ei logv‘z
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3. Different Values of the following terms

.12 = CosZ\IZ kn+iSin2vkn  fork=0,12,.......
2.Re{(1 1)‘*'} = OBR-THA-2E | Cog(Tn/h + log\/2)

3. The modulus of (-1) =dMrAT §=0,12,3,....... (All values are the principal values)

4, il =m2E2m ; Principal Value e™

5. (1+)% =2¢¥*2™ [ SinlogV2+i Coslog V2)] L
n = (; prineipal value is 2¢™[SinlogV2+iCoslog\2]

6.1'=¢™* k=0; Principal value =1
7.i% =% forn=0,1,2,......
for n =0 principal value is e"
principal value : (1-i) et
9.log (i) = -@nt+1/2n), n=0,%l1,42
10. The real part of the pnnc1pal value of {8 is é'“ /8 Cos(1t/4 log2)

1.4 +l) - el log(1+) _ e|[log‘«‘2+|(1rl4+2mz)]

-12.log Z = &' 52 '("’4*2“") = g s e'("’4 ﬂk")[Cos log \/2 +1iSin Iog 2]
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PREVIOUS GATE QUESTIONS'

01. Which one of the following is Nof true
for _co_r_nple‘f( numbers-Z; and Z; ?

(CE-2005-1M)

zZ, Z.Z7,
(@) ~L=122
Z, |Z,"

O Zi+Z312|Zi |+ 2]
©1Zi-Z:1<1Zi |- 2]

(d))|Z|+Zzl+lZI Lf=|nf+

2z,
02. Consider likely applicability of

cauchy’s Integral theorem to evaluate

" the following integral counter
clockwise around the unit circle C.
I= I seczdz z being a complex
<
variable. The value of 1 will be
(CE-2005-2M)

(a) I =0 : singularities set = ¢
(b) 1=0: singularities

set = {i 2“2” n/n= 0,1,2....}

(¢)1=n/2 : singularities
set= {i nm:n=0,1,2...}
(d) None of above

03. Consider the circle | Z—5-5i |=2in
the complex plane (x, y) with
Z=x+ iy. The minimum distance
from the origin to the circle is

(IN-2005-2M)
@ 5V2-2  (b) 54
(©) 34 @ 5v2

04.Let Z* =7, where Zisa complex
number not equal to zero. ThenZ is a
solution of (IN-2005-2M)

@ 7' =1 OV
©Z'=1 (d)Z’—l
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03. Tﬁéfu_nction
w=u+iv

= %log(x2 +y? )+ itan” (y/x)

is not analytic at the point

T (PI-2005-2M)
(@ (0,0 (®)(0, 1)
©)(1.0) @2,0

06. Let j=J—_l then one value ofjJ is
~ - (IN-2007-1VMD
@i ©O-1 ©@w2 @™

07. For the function ﬂ%i ofa complex
z

variable z, the point z = 0:is .
' IN-2007-2M)
(a) apole of order 3 - .
(b) apole of order2 _
(c¢) apole of order 1
(d) not a singularity

08. Potential function ¢ is givenas
¢ =x*—y*, what will be the stream
function ¢ with the condition
¢=0atx=y=0? (CE-2007-2M)
@22y - )+
©x -y @2y

09. If ¢ (x, y) and ¢ (x, y) are functions
with continuous 2™ order ‘derivations 7
then ¢ (x,y) +i¢(x,y) canbe ~— ——
expressed as an analytic function of

x+|y(1 J_)when

(ME-2007-1M)
% 2 2
; oy o —
o _~ov o _ov
R
© 28,20 %y By,

ax2 ay2 ax2 ay2
@2, v o,

11. The value of
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10. If acomplex variable z= —\/23 + i—2—

then z* is {PI-2007-1M)
: -1 .3
(@) 243+2i (b) —+i—=>
2 2
N P I |
(C)*—z——lE (d) 3 +l8

where C is the

contour |z — 1/2|— lis (EE-2007-2M)

(2) 2ni b)=n
(c)tan’'z @nitan’ z

12. If the semi-circular contour D of radius
2 is as shown in the ﬁgu_rg, then the

' ; 1
value of the integral 4-———dsis
B i(s. -1 .
(EC-2007-2M)

i2 LW
D ) R
> G
1
(a).iﬂ: )-in () @@=

13 The equatlon sin(z) = 10 has
: (EC-2008 -1M)

(a) no real (or) complex-sotution
(b) exactly two distinct complex
_solufions.
(c) a unique solution.
(d) an infinite number of complex
solutions.

14. The residuerof the function

f()"————(z+2)( 27 atz=2is
(EC-2008-2M)

B ]
@ = @ @5

-1
b) —
32 ()16

15. Acomplcx variable z= x +j0.1 has its '
real part X varing in the range ~c to
+oz. Which-one of thie following is the

locus{shown in thick lines)-of I in
z

the complex plane?  (IN-2008-2M)
S A
@ £
o © o7
£ Real axis
. ‘\ =J -
E\l A
() S\
o8
g Real axis
NOE
© Ea
.g’ ﬁf\ Real ax'.s
£ 3 axis
VA
@ -
Ea
L :
E- /{'eal axis
7[ ¥

16. The integrat {f(z)dz evaluated around -

the unit circle on the complex plane for
c0SZ

() =—=is (ME-2008-2M)
@2 (b)4mi (©-21 (@0
_17. The value of the expression
~5+10i.
1S
3+4i
(P1-2008-1M)
(a)1-2i (b)1+2i
f)2-i (d)2+i
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18. The analytic function has singularities

at, where f(z) = (CE—2009 -1M)
z?

(a1 &1 (b) I andi

(c) land - (d)iand -

19. The value of the integral
,[ cos(2nz)
2(2z-1)(z-3)

curve givenby |z|=11s
(CE-2009-2M)

dz where ¢ is a closed

27

(a) —i (b) — ©—/— @

1+ f(z)

20. If f(z) = co+c| z thenq.
z

given by - (EC-2009-1M)
7(a) 27c) .(b) 2% (1 + ¢p)
(©) 2mjcy (d) 2mj (1 + cq)

21. if z=x +jy, where x and y real then
the value of | €% |is  (IN-2009-1M)

(@1 (b) em
(©) &' ) e”

22. One of the roots of equation x* =3,
where j is the +ve square root of —1 is

(IN-2009-2M)
) : NN
(@] (b)—2—+15
V3ol -3 1
(c) 7-15 G)] —2——15

23. The value of (j.S—lEdz, where the
z

contour of integration is a simple
closed curve around the origin, is

(IN-2009-1M)
@0 () 27
(C) o ()] E;t__i

24. An analytic function of a complex

variable z = x + iy is expressed as
f(z) = u(x,y) + i v(x,y) where i= J-1.

If u=xy then the expression for v
should be (ME-2009-2M)

@ ———(’”2”2 ko EY ;yz +k

) L =X yexty (d)(iizz)-z—n\

25.The product of complex numbers
(3-2i)and (3 +i4) results in

(P1-2009-1M)
@)1 +6i  (b)9-8i
©9+i8 @17 +i6

26. The contoyr ¢ m the adjoining figure is
described by x + y2 =16. Then the

value of (j. W
z-1.0)

(IN-2010-1M)

A

e
NP
@-2tj  (b)2r]

(€)4nj | (d) —4r
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27. The residues of a complex Tunction

1-2z
X = a2

at it poles are

(EC-2010-2M)

@12 -12,1  (0)1/2,12,-1

(c)1/2,1,-32  (d)1/2,-1,3/2

28. If fix + iy) = - 3xy +1 ¢(x.y),

where i =+—1 and f(x +iy)is an
- analytic function then ¢(x, y) is
(P1-2010-1M)
(b) 3¢y -y’

@xy-y*

@y -3y
©x'- 43 y

29. If a complex number w satisfies the

équation w® = 1 then the value of

Clew+Lis (P1-2010-1M)
w -

(@0 b1 ©2 (d)4

30. The modulus of the complex number

(CE-2010-1M)

' (3’441). '
1S
1-2i

@S (b)f

(CE-2010-1M)

- (@-m (b) -n/2 Q w2 ([d)n

(c)‘ﬁ @ —5 '

KEY :

0l.c

02.d
05.a
08.a

14.a
17.a

20.d

23.b
26.d
29.a

03.a
06.d
09.b
12. 4
15.

18.d
21.d
24.¢
27.¢c
30.b
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Toric-9 NUMERICAL METHODS

RoOT FINDING : Consider the equation  f(x)=0 ....... ¢))
If f (x) is continuous in [a, b] and f (a) and f (b) are of opposite signs i.e. [f(a) . f(b)<0]
then at least one root of the equation (1) lies between a and b.

BISECTION METHOD:
Iterative formula : If x; and Xiel enclose the root then
Xie 1= (Xt Xi2)
2 77 ———
* The Bisection method-converges slowly Itis however the 51mplest iterative method and is
guaranteed to converge. Convergence is slow and steady. This method can not be used for
finding complex roots.

REGULA. FALSI METHOD : (METHOD OF FALSE POSITION)
Consider, f(x)=0
If f(@.f()<0 then the iterative formula is
xi = af(b)-bf(a)
. f®)- @)
_* The false position method is guaranteed to converge.
* It is however, slow as it is first order convergent. i.e. order of convergence = 1.
* It is not necessarily a monotonic convergence to the root but most oﬁen it will be superior
to Blsectron method.

NEWTON - RAPHSON METHOD:
The 1terat10n formula is
Xnptl = f (xp) (= 012 )
f'(x,.)
Where X, is approximate root of the equation f(x) 0
* The Newton’s method is useful in cases of large values of f'(x) i.e, when the graph of f(x)
while crossing the x — axis is nearly vertical. -
* Sensitive to starting value. Convergence fast if starting point near the root—
i.e.. The Newtor’s formula converges pr0v1ded the initial approxrmanon Xo 1S ¢ chosen
sufficiently close to the root.
" * Newton’s method is generally used to improve the result obtained by other methods
*'Newton’s method has a quadratic convergence. i.e. order of convergence =2.
~ ie.The subsequent error at each step is proportional to the square of the error at previous
step S R—
* The number of functions to be evaluated per iteration is 2 '

' Secant method (Modified version of regula falsi‘or Interpolation method)

Newton - Raphson method is very powerful, but the evaluation of derivative involved
may some times be difficult or expensive.
This suggests the idea of replacing f'(x,) by the difference quotlent

)= (%) - f%a-1) S o

Xn—Xn-1
> Instead of choosing two-values of x such that the function has opposite signs at these
values we choose two values nearest the root
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> This method is applicable only if one is sure that-there is a root in the vicinity of x, the

starting value. _
* On the average, Secant method is more efficient compared to Newton - Raphson method

* In this method, we approximate the graph of the function y = f(x) in the neighborhood of

. the root by a straight line (secant) passing through the points (xi. r; f; ) and (x;, £).

The iteration formula is . s
Xi+1 = X1 fi— xi fiy
fi- fi :
Where x; and x;; need not enclose the root. .
* The order of convergence is 62 converges faster than false position method.
* No guarantee of convergence if not near root. The method fails if f(x;) = f(x;.1)
* It may be considered the most economical method giving reasonably rapid convergence at
alow cost.
* The amount of computational effort is one function evaluation

SUCCESSIVE APPROXIMATION METHOD : ,
To find the root of the equation f (x)=0 ....... (1) by successive approximation, we rewrite
(1) in the form x = g (x)
Let x = xo be the initial approximation of the derived root. The itérative formula is
Xi =g (Xi.1)

* Order of convergence is 1
* Easy to prograni, no guarantee of convergence.
* If () a be a root of f (x) = 0 which is equivalent to x = g(x)

(ii) ‘T’ be any interval containing the pointx= o

(iii) | g' (x) | < I for all x in ‘T’ .
Then the sequence of approximations Xp, X1, X2, ... Xn Will converge to the root o, provided
the initial approximation xo is chosen in ‘I’ ’
* The smaller the value of g(x), the more rapid will be the convergence
* This method of iteration is partlcularly useful for finding the real roots of an equation

_ given in the form of infinite series.

I. Using Newton Raphson iteration formula, find the first approximation to the root of the =~
equation x* — x - 10 = 0 which is nearer to x =2
a) 1.671 7 b) 1.871 ) 2.071 d) 2271

2. Using, Newton’s method, find the first approximation to the root of the equation

3x=cos x + 1 (Take xo = 0 as initial approximation)
a) 173 b) 172 923 - d)3/4

- 3. The Newton’s iteration formula for ﬁndmg VN where Nis a positive real number is

) Xae1 = 1/2 (%o + Nixp) b) Xpe1 = 1/2 (%5 - N/xp)
) Xn+1 = X5 (2 - Nxp) d) Xpr1 =Xn (2 + Nuxp)

4. For N ='18 and xg = 4, The first approximation to VT by Newton’s iteration formula is

2)4.20 b)4.25 ) 0424 d)4.2426
5. The Newton’s iteration formula for finding 1/N where N is a positive real number i is
a) Xn+1 =Xn (2+Nfxg) b) Xp+1 = Xn (2-Nuxy)

€) X1 =% {2+N/x5)} @) Xor1 = X {2 -N/x}
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6. The Newton — Raphson iteration formula for finding N'® where N is a positive real
number is
a) Xps1 = 1/3 (2 Xo + N/%,) b) Xos1 = 1/3 (2 %o~ N/xa2)
€) Xus1 =13 (2 %5’ + N/xy") b) Xer1 = 13 (2%~ N/xad)

7. If the initial approximation to a root of the equation x = ¢™is Xo = I, then the first
approximation to the root of the equation is
a) 0.567 b) 0.667 ¢) 0.767 d) 0.867

8. Using bisection method. find a second approximation to the root of equation
x’—4x—-9=0between 2 and 3
a)2.25 b)2.5 €)2.75 . d)2.62¢

9. Find first approximation to a real root of the eggatieﬂ—x—3 -2x - 5 =10 by the method of
false position between 2 and-3-
a) 2.0588 " b) 2.0466 €)2.0831 - - d)2.0614

10. Using secant method, find first approximation to the root of the equation x €* = cos x
between 0 and 1 _ - e .
- 2) 0.31467 b) 0.44673 ¢) 0.51776 d) 0.6451
11. Find the first approximation to a real root of the equation cos x =3x — 1 near xg =0,

using successive approximation method . N
a)1/3 o b)12 c)2/3 d)3/4

12. Find the first approximation to a real root of the equation
2 x - logp x = 7 using successive approximation method (Take xo = 3.61)

a) 3.77815 b) 3.78863 c) 3.78924 d) 3.78927
13. Which of the following methods can not be applied for locating complex roots of an
equation e

a) Bisection method
¢) Secant method

b) Regula falsi
_ - d) Newton - Raphson méthod
14, After Néwton - Raphson method, which of the following has fastest rate of convergence

a) Bisection method b) Secant method )
b) Method of false position d) Successive appro'ximatioxf o e

~ ) P —r.,__ ‘ | o

l.Lb 2¢ 3a 4b 5b 6.a 7.a 8c¢c 9a 10.a ll.c 12.a

13.a 14.b

PROBLEMS

1) Using secant method find a root of f(x) = x° +'x2 —2x —4="0between | and 2, after —
-two iterations.
a)l5 : b) 1.6279 c) 1.6623 d) 1.6589

2) The Newton - Raphson iteration formula for finding inverse square root of N is

a) Xnt = V2 (3Xa — an3) " b)) Xp =% (3xn + N;(,',Z)
©) Xa+1 = % (3% + Nx*) ) Xur1 = ¥ (3% - Nxo2)
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3) Newton - Raphson method is used o find the root of the equation X2 ~2=0.1fthe
jterations are started from -1, the iterations will {GATES9ST")
a) converge to -1 b) converge to V2 . c) converge to - V2 dynot converge

4) Which of the following statements applies to bisection method used for finding roots

of function. . (GATE-9%’) .
a) converges within few iterations : IEENCI e
b) guaranteed to work for all continuous functions Lo

¢) is faster than Newton - Raphson method . ) )
d) requires that there will be no error in determining the sign of fupct;ons )

ADDITIONAL PROBLEI\iS ON NUMERICAL METHODS

5) Starting from xo = 1, one step of Newton - Raphson method in solving equation
< +3x—7=0 gives the next value x; as (GATE’05[ME])

a)x;=0.5 b)x;=1406-. ~ ¢)x =15 dHx=2 -
6) Consider the following iterative root finding methods and convergence properties
Method Property

I) Order of convergence is 1.62

1I) Order of convergence is 2

IHI) Order of convergence is 1 with

~ guarantee of convergence

IV)-Order of convergence = 1 with
no guarantee of convergence

The correct matching of methods and properties is (GATE’04[IT])
a)Q-ILR-1V,S-II, T-1I b)Q-NLR-ILS-LT-1IV
) Q-ILR-LS-1V, T-1l dHQ-LR-IV,S-IL,T-1I -

7) The Newton - Raphson iteration Xq+t = (%+/2) + (3/2)x, can be u_s;d t(; solve the equation
a)x’=3 b)x’ =3 o)x*=2 d) x> =2 (GATE’02)

Q : False Position
R : Newton - Raphson
S : Secant

T : Successive Approximation

8) The r;al. root of the equation x . ¢ =2 is evaluated using Newton'—. Rz_lphson method. If
the first approximation of the value is 0.8679, the second approximation of the value of x
correct to three decimal places is (GATE’05[PI})
a) 0.865 b)0.853 <) 0.849

9) Given a>0, we wish to calculate its reciprocal value (1/a) by using Newton - Raghson
method for f(x) = 0. The Newton - Raphson iteration formula for the function will be

a) Xy = V2 (Xt a/ Xg) b) xk+1=xk;-a/2 XK
) Xrt=2xk—aXe —— @) Xkt SXk— A2
10) Using the iteration formula in the last example, for a= 7 and starting with xo = 0.2,

the first two iterations will be
a)0.11, 0.1299 b) 0.12, 0.1392

d)0.838

[GATE-05-CE]

¢)0.12, 0.1416 d) 0.13,0.1426

KEY

L.b 2. 3.b 4d 5¢ 6b 7a 8b 9c 10b
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NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

Single & Multi - Step Methods:

> Aone step method is a method, that in each step uses only values obtained in a smOIe
* step, viz. in the preceding step.

» Some of the one — step methods are: Euler’s method, Heun’s method, Runge’s
method, Runge — Kutta method and Taylor series method.

> A multi - step method is a method, that in each step uses values from more than one
of the preceding steps. The reason for usmg the additional information might increase

~ the accuracy:

> Some of the multi — step methods are: Mllne s method Srmpson s method, Adams—- —_
Bash forth — Moualton methods.

Euler’s Method:

Consider dy/dx = f(x, y) with m1t1al condition y(Xg) = yo. We want to find out the
valueofyat x=1

Divide (xg, /) into ‘n’ equa] parts of width ‘h’. Let X3, X2, «vveve Xn-1, (Xn =

intermediate points. Now in (X, Xr) we have

l) be the

Y1 = Yo+ hf{xo, yo)
Y2 =y1+hix, y1)

]

1 .

yn = -Yn-l + h f(Xn-F; Yn-l)

. » The method is stable if |1 + h(8f/y)| < 1 then the errors will be damp down with
successive iterations. Otherwise, the errors increase in successive iterations and the
procedure will be unstable.

> Itis based on the linear term in the Taylor’s expansion of f(x, y).

_.» In practice, the error build up in using the method is substantial and the method is
. rarely used.

> Thrs method is also called Runge Kutta first order method

PROBLEMS
_I.Givendy = y-x , with initial c'ondltlon ¥(0) = 1. Find y(0.1) by using Euler’s method
and . dx y takmg h=0.05.
Ans: 1.0954

2. Given that (dy/dx) +xy=0,y(0)= l Find y(0.1) with h=0.05 using Euler s method.
"Ans:0.9975
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Heun’s Method:

Consider dy/dx = f(x, y) with the initial condition y(x¢) = yo. Initially y; is computed
by Euler’s formula.
¥1' = yo + h f(xq, Yo)
then modlﬁed value of y; is given by
S=y5+ (W2)[f(Xo. Yo) + f(x4, y.")] [where c indicates corrector]
Similarly, we can find yz, y3, ....... Y

[wllere p indicates predictor]

-» This method is also called modified- Euler s method / second order Runge — Kutta

method.
PROBLEMS
1. Given dy/dx = log(x +y) with y =1 when x = 0. Find y(0.2) using Heun’s method with
Amios o

2. Givendy/dx=x+y, y(O) l Find y(0.02) and y(0.04) by Heun’s method
(taking h = 0.02).
Ans: 1.0204 and 1.0416

Runge’s Method (R ~ K méthod of order —3):

To solve dy/dx x +y with ykxo) = yq. Calculate successively
=hf(xo, yo)
l(z =hf{xg+h/?2,y0+ l(|/2)
=h f(Xo + h, Yo + l(])
k;—hf(xo+h Yo+ kY

Finally, compute k = 1/6(k; + 4k, + k;) and the solution is yi=Yot+k

PROBLEM —

1. Apply Runge’s method to ‘find an appropnate value of y when x=0 -2, given that
dy/dx=x+yand y=1 whenx=0.
Ans: 1.2426

Runge - Kutta Method(R ~K method of order — 4):

To solve dy/dx = f(x, y) with the condition y(xo) = yo. Let “h’ denotes the interval
between equidistant values of x. ——
If the initial values are (xo, yo) then the-first mcrement 1n y is computed from the
formula given by
=h f{xo, yo)
kz—hﬁx0+h/2 Yo +ki/2)
k3 =hf(xe+ 12, yo + kf2)
ke=hf{x¢+h, yo +ks)
Ay = 1/6(k; + 2k, + 2k3 + ky)
YE=Yo+ Ay
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PROBLEM

1. If dy/dx = x +y, y(0) = 1, find y(0.1) by taking h = 0.1 and using R — K method of
order-4._..
Ans: 1.11034

Properties:

1. R—K methods do not require prior computations of the higher derivatives of y(x) as
the Taylor method does.
2. The R -K formulae involve the computation of f{x, y) at various positions and this
_ function occurs in the given equation.
3. To evaluate y;ii; we need information only at y,. Information at yy.;, Ya-2 €tc not
directly required. Thus R — K methods are one step methods.
4, These methods agree with Taylor’s series solution upto the terms of h', where ‘r’

differs from method to method and is knpr as the order of R — K method.
Taylor’s Series Method:

Consider dy/dx = f{(, y), y(Xo) = Yo. If the solution curve y(x) is expanded in a Taylor
series around x = xog. We obtain R
) 00 =Yyo+ (x —Xo)yo' + (x —x0) yo'' + (x ; x0)’ Yo
. 21 !
» Inequation (1), if we take only the first two terms then it corresponds to the Euler
method of extragolation. Thus the errors due to the truncation of the series would be
of the order of h”. :

» An improvement of the Euler method would thus be to include the h? term in the
abox}re expansions. Then the truncation error in the above formula would of the order
ofh’. : :

> This methbd is na# applicable in general, because the partial derivatives £, f; are not
~ always easy to obstain and considerable computation effort is involved.

)

> Iff{x,y) is:-gi_vgn,-i_n a tabular_form then this method is not applicable. 7

- R-K methodsare equivalent t6 Taylor-series- method but will use only the values of
f(x, y) at specified values of x and y and will not require the derivative to be
evaluated. .

» R-K methods égree with Taylor’s series solution upto the term in h* where r differs
from method to method and is called the order of that method.

— —PROBLEMS - —_

1. Consider dy/dx =x +y, y{1)=0. Using Taylor’s series expansion upto h? terms evéluate
y(1.1) and y(1.2). (withh=0.1)
‘Ans: 0.11 and 0.242

2. Find by Tz;j'lor’s series method, the values of y atx=0.1 from dy/dx = Xy-1,y0y=1.
{Consider the Taylor’s series expansion upto h® terms). (with h=0.1)

Ans:y(0.1) = 0.90033
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3.Solve y' =y* +x, y(0) = 1. Usi ot
with ﬁ’= 0‘);2) ¥{0) = 1. Using Taylor series method, compute ¥(0.1) and y(0.2).
Ans: 1.1164 and 1.2724

4. Gi}'en dy/dx =1 + xy, y(0) = 1. Compute ¥(0.1), using Taylor series method.
(withh=0.1) -
Ans: 1.1053

rd

MULTISTEP METHODS

point are called multistep methods.

> Sometirpes, a pair of multistep methods are used-in conjunction with each other ; one
for predicting the value of yi4; and one for correcting the predicted value of y;1, such
methods are called predictor — corrector methods. ’ '

»  One major problem with multistep methods is that, they are not self starting. They
need more information than initial value condition. If a method uses four previous
Pomts > 5aY Yo, Y1, y2 and y3, then all these values must be obtained before the method
is actually used. These values can be obtained using R — K methods.

». The degree of accuracy of the single step method must match that of the multistep
fnethod to be-used. For example, a fourth order R — K method is normally used for
implementing fourth order multistep method. :

» Methods that use information from more than one previous points to compute the next

Milne - Simpson Method:

" The formula used in this method is based on the fundamental theorem of calculus.
X X ’
¥ (Xis1) = y(x;) + ) fix,y) dx where j=i-3
Xj . B
we have )’551 =Yi3+ (4b/3) [2f;; - £, + 2f] . (Milne’s predictor formula)

Simi s C o _ . . , ’
f(::;ll;:)y’ when j =i~ 1, we have Yiog T Yt +(W3) [fig + 4 + £iu] (Slmpsqp s corrector

..~ PROBLEM

1. Given the equation, y' = (2y/x) with y(1) =2, y(1.25) = 3.13. v(1.5) = 4.5. v({ 75} =
then estimate y2) = .......... ( »¥(1L9) =45, y(175)=6. !
Ans:§ . -

!\Iote: In some cases, Milne’s method is not stable, The errors do not tend to zero as step size
is made smaller in those cases. Because of this problem Milne’s method is not widely used.

'Adam’s - Bash forth — Moulton Method:

_ This method is another popular fourth order predictor —corrector method (most
widely used), = - ’
The A - B predictor formula is given by -
- Y= i+ (W24) [55; - 59f;., + 3762 - 93)
The A — M corrector formula is givenby
Yir 5y + (W24) [fi2 =5t + 195, + 9£1)
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PROBLEM

1. Solve the equation by.using A -B—Mmethod, y' = (2y/x) with y(1) = 2, y(1.25)=3.13,
y(1.5)=4.5, y(1.75) = 6.13 then estlmate V)= euueeee
Ans: 8.0079

NOte: ) ﬁ.\
1. A —B (predictor) formula involves extrapolation, hence it becomes unstable. Therefore, it -

is used
mostly as a predictor.

2.-A - M (corrector) formula is generally much more accurate.

3. A-B —M method is numerically stable.

PREVIQUS GATE QUESTIONS - “NUMERICAL METHODS®

(GATE'03)
d) o’y

1. The accuracy of Simpson’s rule quadrature for a step is size h is

a) O(h’) b) O’ ¢) O(h)

2. Startmg from xg =1, one step of Newton-Raphson method in solving the equatioin

X +3x-7 =0 gives the next value (xpyas (GATE’05)
a)x;=0.5 b) x; = 1.406 ¢)xy=1.5 d)x;=2
KEY
lLLe 2c¢

01.

—

AL Acauem

PREVIOUS GATE QUESTIONS

Using the given data points tabulated
below, a st:alght line passing through
the origin is fitted using least squares
method. The slope of the line is

x {1 12 |3
1.5]22[27

IN-2005-2M
(2)09 )1

(0 1.1 @ s

02.

) xn+1=xr_l-'[ f(xn')J

. (b) xn+1—xn [f(xn)}

03.

04

Newton — Raphson formula to find the
roots of an equation f(x) = 0 is given
by - PI-2005-1M

lxp)

fl(xn)
f(x)

For solving algebraic and :
transcendental equation, which one of
the following is used? PI-2005-1M
(a) Coulomb’s theorem

(b) Newton - Raphson Method

(c) Euler’s theorem

(d) Stoke’s theorem

The polynomial p(x) =x* + x + 2 has
IN-2007-2M

{a) all real roots

(b) 3 real and 2 complex roots

(c) 1 real and 4 complex roots -

(d) all complex roots

NUMLKICAL VLE L HUDS

05. Identify the Newton — Raphson.

07.

iteration scheme for the fi inding the
square root of 2 IN-20072M

1 2|
ORSN ='2—[xn +;(—J
n

1 2
®) xn+l=5[xn _-X_-}

n

2
© xn+l=x_

n

@ x; = /2%

n+l

leen that one root of the equatlon
X - 10x% +31x — ~30 =0 is 5 the other

tow roots are CE-2007-2M
(a)2and 3 - (b)2and 4
(c)3and 4 (d)-2and-3

The following equation needs to be.
numerically solved usmg the Newton
— Raplison method x* + 4x — 9 = 0.
The iterative equation for this purpose ‘
is (k indicates the iteration level)
: CE-2007-2M
) )* 2xl3< +9
a)-x

k“ 3x12< +4

3x3 +4
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08.

Matching exercise choose the correct’
one out of the alternatives A, B, C,D

Group -1

P. 2".order differential equations

_.Q. Non - linear algebraic equations

R. Linear algebraic equations
S. Numerical integration

Group = I
1. Range — kulta method

2. Newton ~ Raphson method
3. Gauss elimination

4. Simpson’s rule PI-2007-2M
(@P-3,Q0-2,R-4,5-1
®)P-2,Q-4,R-3,8S-1
©P-1,Q-2,R-3,5-4
@P-1,Q-3,R-2,S-4

1-x.

09. The differential equation .:ii_x=__ is

y T
discretised using Euler’s numerical

" integrations method with a time step

AT > 0. What is the maximum
permissible ‘value of AT to ensue
stability of the solution of the
corresponding discrete time equation?

EE-2007-2M

@1 . D2

T © (D)2t

10.

The equation X’ —x2 +4x -4 =0is to
be solved using the Newton — Raphson
method. If x = 2 is taken as the initial
approximation of the solution then the
first approximation using this method

’ will be EC-2008-2M - -
2 .4
(@) 3 ® 3
3
©1 Y 3

11. A differential equation

g:e"2t u(t) has to solved using

dt .
trapezoidal rule of integration with a
step size h = 0.01 s. Function u(t)
indicates a unit step function if
x(0) =0, then value of x att=0.01 s

will be given by EE-2008-2M
(a) 0.00099 (b) 0.00495
(c) 0.0099 -(d)0.0198 -

12. Equation €* - 1 = 0 is required to be
solved using Newton’s method with
an initial guess xo = - 1. Then after one

. step of Newton’s method, estimate x;
of the solution will be given by

. EE-2008-2M
(2) 0.71828 (b) 0.36784
(c) 0.20587 (d) 0.00000

"7 13. It is known that two roots of the non —

linear equation x*> - 6x> + 11x -6 =0
are | and 3. The third root will be -

o . IN-2008-2M
@]j . ®-j
(©)2 @4

X

14. The recursion relation to solve x = e~

using Newton — Raphson method is
EC-2008-2M

i
i

@ xp 4y=e

n

-X
®) x, y=xp-¢ "

-X
n

' [
© xn+1=(l+xn)
- “l+e R

2 X
X -e. n (l+xn)—1
@ xpy=—— -%

N
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15. 'l(’jhe differential equation (@) K 3
X 4-x . et
o it 1(0) = 0 and the (©)h° @

constant t> 0 is to be numerically
Integrated using the forward Euler
rpethod with a constant integration
time step T. The maximum value of T
such that the numerical solution of x

converges is IN-2009-2M
@14 )2
©1 @21

16. Let x* - 117 = 0. The iterative steps for
the solution using Newton’s -
Raphson’_s method_is given by

' EE-2009-2M

I 117
(@x, ,=— LS
k+1 z(xk +ka

< 117
(b)-xk_,_l =X; ———
X

(©) Xy, =x, -2k
k+1 k 117

1 117
d)X = -—
e 2(k+ka

17. A cubic polynomial with res]

coefficients .EE-2009-2M
(a) can possibly have no éxtrema and
MO Zero crossings ~ - -

" —(b) may have up to_-t,b;:ee"&tremh-a;ﬁ :

upto 2 zero crossings

(¢) can not- have more than two
extre{na and more than three zero
crossings ’

(d) will always have an equal number
of extrema and zero crossings

18. During the numerical solution of a first

under differential equation using the
Euler (also known as Euler canchy)
method with step size h the Jocal.

- truncation error is of the order of

PI-2009-1M

19. Consider a differentia] equation
dy (x) .
? = Y(x)=x with initial condition
y(0)=0, Using Euler’s first order
method with a step size of 0.1, the

value of y(0.3)is  EC-2010-2m
- - (@001 ®)0031
(c)0.0631 @o1

20. Newton - Raphson method is used to
compute a root of the equation
X-13=0 \fmh 35 as the initial valye,
:I’he approximation after one iteration

is L CS-2010-2M
(2) 3.575 (b)3.677
(c) 3.667 '(d) 3.607

21. Eul.er’s Method of integration is
applied to the initial valye problem

dx
E—Zx, y(0) = 0. If the step size h =

0.2 then the error in computation (in
percentage) after S steps would be

@0 ) 10 PI-2010-2M
©20 o (d) 30
KEY: — - ..
0L.b 02.a 03.b
04-e— 05.a 06.a
07.a 08.c 09.
10.b 11. 12.2
B.c 14 15.
16.2 1. 18.a
19.b 20.d 21.¢
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Congratulatlons“ S
Our Top Ranks {within 100) in GATE 2010

"~ Branch: .‘Instrumentathn_Engin_gering

CLASS ROOM COACHING

' OUR GATE inoTOp’pE"_

ELECTRONICS &COMMUNICATION ENGINEERING TOPPERS

S.NO STUDENT NAME GATE H T NO RANK
01 | HARINARAYANAN K K - EC-7158116 1
02 | SHAIK AZEEMUDDIN EC-1430532 6
03 | SREEKARS EC-7006081 g

COMPUTER SCIENCE & ENGINEERING TOPPERS

S.NO STUDENT NAME _ - _GATEH.TNO RANK .
1_01 | MALLADI HARIKRISHNA .C8-1390148 1 '
" 02 | ADINARAYANA PULAPARTH! CS-6109316 8
MECHANICAL ENGINEERING TOPPERS
S.NO | - STUDENT NAME " GATEH.TNO RANK
01 | GAURAV NAIR . ME-1530117 4
02- | MITHUNP __ME-1560133 . 9
ELECTRICAL ENGINEERING TOPPERS
S.NO  STUDENT NAME GATE H.T NO RANK
01 |C VEERAIAH _ EE-1010022 5
02 THEJOSWAMY NAIDU B ‘ EE—1_490267- 4 7 =

]

_INSTRUMENTATION ENGINEERING TOPPERS

"S.No | Name GATE Hall Ticket No. | Rank Mérifs
01 mzaﬁlKﬁfﬁtESH | IN-1290044 6 | 6t
02 ..K“_.ARIHIKE?AN S IN-1290364 8 | 59.33 |

" 03; ;P‘E?SHANT VINODBHAL IN-1511577 15 $5.67
0 | PILEEP KRISHNAN K IN-I290236 18 | 54.67
gs | AMITHIORN THOMAS IN-3107470 27 | 5267
06 |V SANTOSH K NAGIREDDY IN-6108819 31 | 52
| GHANAKGTA KRISHNA C ' woroasson | 38 5133

‘—o's' B Eren VAIBHAY - ti\ii'1-511365; 71 '| 48.67
go | FPRASHANT KUMAR IN-1290200 71 | 48.67
10 FRUN KONAR BERARA IN-1290298 86 | 46.67

11 | f&,m? RA KESHARI IN-1511207 96- 45.53

SNO | —  STUDENTNAME “GATEH.TNO RANK
01 | KAMANIDEEPESH ~ [IN-i290044 5
HASMUKHLAL : .
02| KARTHIKEYAN'S | IN290364 — 8
CIVIL ENGINEERING TOPPERS
SNO | STUDENT NAME GATEHT NO__ | RANK 4
01| ACHARYA PRERANAU__ CE-1270825 9







